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Abstract

In medical diagnostic studies, a diagnostic test can be evaluated based on its sensitivity under a desired specificity.

Existing methods for inference on sensitivity include normal approximation-based approaches and empirical likelihood

(EL)-based approaches. These methods generally have poor performance when the specificity is high, and some require

choosing smoothing parameters. We propose a new influence function-based empirical likelihood method and Bayesian

empirical likelihood methods to overcome such problems. Numerical studies are performed to compare the finite

sample performance of the proposed approaches with existing methods. The proposed methods are shown to perform

better in terms of both coverage probability and interval length. A real data set from Alzheimer’s Disease Neuroimaging

Initiative (ANDI) is analyzed.
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1 Introduction

Over the past 100 years, diagnostic testing has become a critical part of standard medical practice.1 Diagnostic
tests commonly measure different biomarkers of a subject in question, and the disease status of the subject is
determined based on whether such measurements meet pre-specified criteria. For many tests, the clinicians would
identify the subject as diseased if test result is above a certain cutoff and non-diseased if it is below the cutoff (or
vice-versa). For example, hypertension is defined as a systolic blood pressure above 120mmHg and diastolic blood
pressure above 80mmHg.

The accuracy of a diagnostic test is commonly evaluated based on its sensitivity and specificity, i.e. the prob-
abilities of correct diagnoses for diseased subjects and for non-diseased subjects, respectively. Both sensitivity and
specificity are not fixed but depend on the cutoff(s) chosen for that test. The receiver operating characteristic
(ROC) curve of a test is constructed to show how sensitivity and specificity change as the cutoff varies.
Different statistics including the area under the ROC curve (AUC)2 and Youden index3 are based on the ROC
curve. They are used to evaluate the discriminatory ability of diagnostic tests. In practice, however, the cutoff of a
test is usually chosen so that the specificity is meaningfully high.4 For example, recent breast MRI screening study
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results usually have specificity of at least 80%.5 In this paper, we focus on interval estimation of the sensitivity at a

certain specificity.
Existing methods for interval estimation of sensitivity include normal approximation-based approaches and

empirical likelihood-based approaches. Linnet6 proposed a normal approximation (NA)-based confidence inter-

val. Platt et al.4 noted that Linnet’s method may be greatly affected by poor empirical density estimation, and

proposed to use Efron’s bias-corrected acceleration (BCa) bootstrap interval.7 Zhou and Qin8 developed two

bootstrap intervals for sensitivity based on extensions of Agresti and Coull’s results on confidence intervals for

binomial proportions,9 and showed that the new bootstrap intervals have better coverage accuracy than the NA

and BCa intervals. Empirical likelihood (EL), introduced by Owen,10 has become a popular approach in statistical

research because it does not rely on parametric assumptions on the data but still enjoys the advantages of

likelihood methods. In particular, EL methods have been used widely in evaluation of diagnostic tests.

For example, Gong et al.11 proposed a smoothed jackknife empirical likelihood (JEL) method for the ROC

curve. Qin et al.12 developed a hybrid EL (HEL) method for sensitivity.
In this article, we provide a thorough review of these methods and comprehensive numerical studies to compare

their performance in different settings. Moreover, we study two improvements of current methods. First, we note

that in the approach of Qin et al.,12 the hybrid empirical likelihood ratio follows a scaled chi-square distribution

asymptotically, thus an extra step is required to estimate this scale. We propose a new influence function-based EL

(IFEL) method following Yu et al.13 The idea is to replace the estimating function in the EL with an influence

function of the sensitivity. The corresponding empirical log-likelihood ratio statistic converges to a standard chi-

square distribution, which makes inference for sensitivity more convenient. Second, we develop Bayesian empir-

ical likelihood (BEL) approaches. Despite the extensive use in the frequentist context, EL has only recently been

used in Bayesian analysis. Lazar14 observed that the properties of EL are in many respects similar to those of

parametric likelihoods, and EL could be used in Bayesian inference like parametric likelihoods. To our knowl-

edge, Bayesian EL methods have not been used in evaluating diagnostic tests. We propose to apply Bayesian EL

methods to the inference of sensitivity. A critical part of Bayesian approaches is choosing an appropriate prior,

which becomes quite tricky since no parametric model is assumed for EL. We consider building EL and assigning

priors on either the sensitivity parameter itself or the probability vector ðp1; . . . ; pnÞ in building EL. For EL on the

sensitivity parameter, we follow Clarke and Yuan15 to derive reference priors.
16–18

In addition, we apply the idea of

Rao and Wu19 to employ Bayesian EL based on ðp1; . . . ; pnÞ.
The article is organized as follows. In Section 2, we review several existing methods for interval estimation of

sensitivity. In Section 3, we introduce a new EL ratio statistic for sensitivity based on influence function.

In Section 4, we propose Bayesian EL methods based on influence function and hybrid methods. In Section 5,

we conduct simulation studies to compare the performance of the proposed methods with existing methods.

In Section 6, we apply the new methods to a real dataset to assess the diagnostic accuracy of three biomarkers

in the detection of Alzheimer’s disease. A sample R code for the implementation of the proposed methods is

provided in Appendix 2.

2 Existing methods of constructing confidence intervals for sensitivity

Let Y and X be results from a continuous-scale test for diseased and non-diseased subjects, respectively. Suppose

subjects are diagnosed as diseased if the results are greater than a cutoff g, and non-diseased if the results are

below g. The sensitivity and specificity of this test are defined by

Sensitivity ¼ PðY > gÞ ¼ 1� GðgÞ; Specificity ¼ PðX � gÞ ¼ FðgÞ

where G and F are the distribution functions of Y and X, respectively. Therefore, when the specificity of the test is

p (0 < p < 1), the corresponding sensitivity is h ¼ 1� GðF�1ðpÞÞ. Let fY1; . . . ;Yng and fX1; . . . ;Xmg be the test

results of a random sample of diseased subjects and non-diseased subjects, respectively. The statistical problem is

to construct confidence intervals for the sensitivity h at a fixed specificity p based on these observations.

2.1 Normal approximation-based bootstrap methods

As mentioned in introduction section, Zhou and Qin8 developed two bootstrap intervals for the sensitivity which

have better coverage accuracy than other normal-approximation based confidence intervals. Their methods used
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Agresti and Coull’s idea for construction of confidence interval of a binomial proportion.9 The first confidence

interval, called bootstrap I (BTI) interval, for h is defined by�
~h � z1�a=2

ffiffiffiffiffiffiffiffiffiffiffiffi
V�ð~hÞ

q
; ~h þ z1�a=2

ffiffiffiffiffiffiffiffiffiffiffiffi
V�ð~hÞ

q �
where

~h ¼
Xn

j¼1
I½Yj � F̂

�1ðpÞ� þ 1
2
z21�a=2

nþ z21�a=2

F̂
�1ðpÞ is the p-th quantile of F̂; F̂ðxÞ ¼ 1

m

Xm

j¼1
IðXj � xÞ is the empirical distribution function of F, z1�a=2 is the

ð1� a=2Þ-th quantile of the standard normal distribution, and the variance V�ð~hÞ of ~h is estimated by the

following bootstrap procedure:

1. Draw a resample Y�
j ’s of size n and a separate resample X�

i ’s of size m with replacement, from the diseased

sample Yj’s and the non-diseased sample Xi’s, respectively.
2. Calculate the bootstrap version of ~h

~h
� ¼

Xn

j¼1
I½Y�

j � F̂
��1ðpÞ� þ 1

2 z
2
1�a=2

nþ z21�a=2

where F̂
��1ðpÞ is the p-th sample quantile based on the bootstrap resample X�

i 's.
3. Repeat the first two steps B times (B � 200 is recommended) to obtain a set of bootstrap replications

~h
�ðbÞðb ¼ 1; . . . ;BÞ. Then, the bootstrap variance estimator V�ð~hÞ is defined by

V�ð~hÞ ¼ 1

B� 1

XB
b¼1

ð~h�ðbÞ � �h�
�Þ2

where �h
� ¼ 1

B

XB

b¼1
h~�ðbÞ.

The second confidence interval, called bootstrap II (BTII) interval, for h is defined by

�
�h
� � z1�a=2

ffiffiffiffiffiffiffiffiffiffiffiffi
V�ð~hÞ

q
; �h

� þ z1�a=2

ffiffiffiffiffiffiffiffiffiffiffiffi
V�ð~hÞ

q �

BTI and BTII intervals are shown to have better coverage accuracy and shorter interval lengths than the

normal approximation-based interval and the BCa interval regardless of the sample sizes and for both normal

and non-normal data when specificity p is high. However, the coverage accuracy usually deteriorates for small

sample sizes.

2.2 Jackknife empirical likelihood (JEL) method

Motivated by the JEL method for a U-statistic,20 Gong et al.11 proposed a smoothed jackknife method by

applying the standard EL method to the jackknife sample mean. A simple empirical estimator for h is defined as

~hm;n ¼ 1� ĜðF̂�1ðpÞÞ (1)

where ĜðyÞ ¼ 1
n

Xn

i¼1
IðYi � yÞ is the empirical distribution functions of G.

Gong et al.11 defined a smooth version of ~hm;n as

ĥm;n ¼ 1� 1

n

Xn
i¼1

K
p� F̂ðYiÞ

h

� �
;
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where KðxÞ ¼
Z x

�1
wðyÞdy, w is a symmetric density function with support ½�1; 1�, and h ¼ hðnÞ > 0 is a

bandwidth.
Let

ĥm;n;j ¼ 1� 1

n� 1

X
1�i�n;i6¼j

K
p� F̂ðYiÞ

h

� �
; for 1 � j � n

and

ĥm;n;j ¼ 1� 1

n

Xn
i¼1

K
p� F̂m;j�nðYiÞ

h

� �
; for n < j � nþm

where

F̂m;kðxÞ ¼ 1

m� 1

X
1�j�m;j6¼k

IðXj � xÞ; k ¼ 1; . . . ;m

The jackknife pseudo-sample is then defined as

V̂jðpÞ ¼ ðnþmÞĥm;n � ðnþm� 1Þĥm;n;j; j ¼ 1; . . . ; nþm

and the JEL for the sensitivity h is defined as

Ln;mðhÞ ¼ sup
p

Ynþm

j¼1

pj :
Xnþm

j¼1

pj ¼ 1;
Xnþm

j¼1

pjV̂jðpÞ ¼ h

8<
:

9=
;

By standard Lagrange multiplier arguments, the empirical log-likelihood ratio can be derived as

ln;mðhÞ ¼ �
Xnþm

j¼1

log 1þ k½V̂jðpÞ � h�
n o

where k satisfies

1

nþm

Xnþm

j¼1

V̂jðpÞ � h

1þ k½V̂jðpÞ � h� ¼ 0

Gong et al.11 showed that �2ln;mðhÞ converges in distribution to the standard chi-square distribution with one
degree of freedom, and a 100ð1� aÞ% level JEL-based confidence interval on h is given by

CIJELðhÞ ¼ h : �2ln;mðhÞ � v21ð1� aÞ
� �

where v21ð1� aÞ is the ð1� aÞ-th quantile of v21. As previously mentioned, JEL method needs to choose a band-
width for kernel estimation.

2.3 Hybrid empirical likelihood method

A challenge in constructing confidence intervals for sensitivity is to estimate the cut-off point that yields
the desired specificity. Qin et al.12 proposed a hybrid EL-based procedure which does not estimate an
explicit cut-off point.
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For a test value Y from a diseased subject, let U ¼ 1� FðYÞ. U is called the placement value of Y and can be
interpreted as the proportion of the non-diseased population with test value greater than Y. It essentially marks
the placement of Y within the non-diseased distribution.21 We have

E½IðU � 1� pÞ� ¼ PðFðYÞ � pÞ ¼ PðY � F�1ðpÞÞ ¼ h

Based on this relationship between h and U

WHjðh; pÞ ¼ IðUj � 1� pÞ � h (2)

can be used in EL as the estimating function. Qin et al.12 proposed a profile EL which replaces F with the
corresponding empirical distribution function as follow

LHðhÞ ¼ sup
p

Yn
j¼1

pj :
Xn
j¼1

pj ¼ 1;
Xn
j¼1

pjŴHjðh; pÞ ¼ 0

( )
(3)

where ŴHjðh; pÞ ¼ IðÛj � 1� pÞ � h with Ûj ¼ 1� F̂ðYjÞ; for j ¼ 1; . . . ; n. The corresponding empirical log-
likelihood ratio is

lHðhÞ ¼ �
Xn
j¼1

log 1þ kŴHjðh; pÞ
n o

(4)

where k is the solution of

1

n

Xn
j¼1

ŴHjðh; pÞ
1þ kŴHjðh; pÞ

¼ 0

The asymptotic distribution of �2lHðhÞ is a scaled chi-squared distribution with one degree of freedom. Thus, a
100ð1� aÞ% level hybrid EL and bootstrap confidence interval for h can be constructed as follows

CIHðhÞ ¼ h : �2c�lHðhÞ � v21ð1� aÞ
� �

where c� can be estimated from the following bootstrap procedure:

1. Draw a resample Y�
j ’s of size n and a separate resample X�

i ’s of size m with replacement, from the diseased
sample Yj’s and the non-diseased sample Xi’s, respectively.

2. Calculate the bootstrap estimator of h

h� ¼
Xn

j¼1
I½Y�

j � F̂
��1ðpÞ�

n

where F̂
��1ðpÞ is the p-th sample quantile based on the bootstrap resample X�

i 's.
3. Repeat the first two steps B times to obtain a set of bootstrap replications h�bðb ¼ 1; . . . ;BÞ. Then c� is defined by

c� ¼
�h�
�bð1� �h�

�bÞ
n

B�1

XB

b¼1
ðh�b � �h�

�bÞ2
(5)

where �h�
�b ¼ 1

B

XB

b¼1
h�b.

Qin et al.12 showed that this hybrid empirical likelihood (HEL) interval has good coverage probability
when sample size ðm; nÞ is greater than (50, 50). However, estimating c� could be computationally expensive
and not desirable.
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3 Influence function-based empirical likelihood (IFEL) method

Yu et al.13 proposed an EL function based on influence functions of parameters of interest. Motivated by their
study, we propose a new influence function-based EL method to construct confidence intervals for sensitivity.

Recall that h ¼ 1� GðF�1ðpÞÞ, and ~hm;n ¼ 1� ĜðF̂�1ðpÞÞ. Denote g ¼ F�1ðpÞ ¼ G�1ð1� hÞ; ĝ ¼ F̂
�1ðpÞ (i.e. the

p-th sample quantile of Xi’s), and the combined samples as

Zk ¼ Yk; k ¼ 1; . . . ; n;
Xk�n; k ¼ nþ 1; . . . ; nþm

	

We have the following decomposition

~hm;n � h ¼ ½GðgÞ � ĜðgÞ� þ ½ĜðgÞ � ĜðĝÞ�
with

GðgÞ � ĜðgÞ ¼ 1

n

Xn
i¼1

½IðYi > gÞ � h� ¼ 1

mþ n

Xn
k¼1

mþ n

n
½IðZk > gÞ � h�

From the Bahadur representation for the sample quantile ĝ22

ĝ � g ¼
p� 1

m

Xm

i¼1
IðXi � gÞ

fðgÞ þ opðm�1
2Þ

It follows that

ĜðgÞ � ĜðĝÞ ¼
Z

½Iðy � gÞ � Iðy � ĝÞ�dĜðyÞ ¼
Z

½Iðy � gÞ � Iðy � ĝÞ�dGðyÞ þ opðn�1=2Þ

¼ �gðgÞðĝ � gÞ þ opðm�1=2 þ n�1=2Þ ¼ 1

m

gðgÞ
fðgÞ

Xm
i¼1

½IðXi � gÞ � p� þ opðm�1=2 þ n�1=2Þ

¼ 1

mþ n

Xnþm

k¼nþ1

mþ n

m

gðgÞ
fðgÞ ½IðZk � gÞ � p� þ opððmþ nÞ�1=2Þ

where f and g are the densities for X and Y, respectively.
Therefore

~hm;n � h ¼ 1

mþ n

Xnþm

k¼1

Wkðh; pÞ þ opððmþ nÞ�1=2Þ (6)

where

Wkðh; pÞ ¼
mþ n

n
½IðZk > gÞ � h�; k ¼ 1; . . . ; n;

mþ n

m

gðgÞ
fðgÞ ½IðZk � gÞ � p�; k ¼ nþ 1; . . . ; nþm

8>><
>>: (7)

is called the influence function of h.
From equation (6), we can easily get the following asymptotic distribution of the empirical estimator for h.

Proposition 1: Assume that F and G are continuous distribution functions with density functions f and g, respec-

tively, fðgÞ is strictly positive, g0ðxÞ and gðxÞ
fðxÞ are bounded in a neighborhood of g ¼ F�1ðpÞ. If lim m

n ¼ q

(0 < q < 1), then ffiffiffiffiffiffiffiffiffiffiffiffi
mþ n

p ð~hm;n � hÞ!d Nð0; r2Þ (8)

where r2 ¼ ð1þ qÞhð1� hÞ þ ð1þ q�1Þpð1� pÞ g2ðgÞ
f2ðgÞ
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Linnet6 heuristically derived the conclusion in Proposition 1, but he did not explicitly give the formula for the
asymptotic variance (see Zhou and Qin8).
Based on the influence function, an EL for the sensitivity h can be defined as follows

LIFðhÞ ¼ sup
p

Ymþn

k¼1

pk :
Xmþn

k¼1

pk ¼ 1;
Xmþn

k¼1

pkŴkðh; pÞ ¼ 0

( )
(9)

where Ŵkðh; pÞ is the estimated influence function of h given as follows

Ŵkðh; pÞ ¼

mþ n

n
½IðZk > ĝÞ � h�; k ¼ 1; . . . ; n;

mþ n

m

ĝðĝÞ
f̂ðĝÞ ½IðZk � ĝÞ � p�; k ¼ nþ 1; . . . ; nþm

8>>><
>>>:

where ĝ and f̂ are the density estimators for g and f, respectively.
Here we use the following kernel estimator for f

f̂ðxÞ ¼ 1

mhX

Xm
i¼1

K
x� Xi

hX

� �

where Kð�Þ is a Gaussian kernel function, and the bandwidth is the “rule-of-thumb” bandwidth23 defined by

hX ¼ 0:9minðsX; iqrX
1:34

Þm�1=5

where sX and iqrX are, respectively, the standard deviation and the inter-quartile range, of the sample Xi’s.
The above bandwidth is also adopted by Zou et al.24

The density function g can be estimated similarly. When f and g are uniformly continuous, the kernel estimators
f̂ and ĝ defined above are almost surely and uniformly consistent.25

By the Lagrange multiplier, the maximization of equation (9) is achieved at

~pk ¼
1

mþ n
½1þ kŴkðh; pÞ��1; k ¼ 1; . . . ;mþ n

where k is the solution of

1

mþ n

Xmþn

k¼1

Ŵkðh; pÞ
1þ kŴkðh; pÞ

¼ 0 (10)

The corresponding empirical log-likelihood ratio statistic is

lIFðhÞ ¼ �
Xmþn

k¼1

log 1þ kŴkðh; pÞ
� �

(11)

When test results Yk’s are not all greater/smaller than ĝ, the empirical log-likelihood ratio lIFðhÞ is well
defined on (0, 1). The following theorem establishes the asymptotic distribution of lIFðhÞ and the proof is
given in Appendix 1.

Theorem 1: Assume that F and G are distribution functions with uniformly continuous density functions f and g,

respectively, fðgÞ is strictly positive, f0ðxÞ, g0ðxÞ and gðxÞ
fðxÞ are bounded in a neighborhood of g ¼ F�1ðpÞ. If h0 is the

true value of the sensitivity at a fixed level p of specificity, and lim m
n ¼ q (0 < q < 1), then the limiting distri-

bution of �2lIFðh0Þ is a standard chi-squared distribution with one degree of freedom as m; n ! 1.
From Theorem 1, a 100ð1� aÞ% level influence function-based EL confidence interval for h can be con-
structed as

CIIFðhÞ ¼ h : �2lIFðhÞ � v21ð1� aÞ
� �
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4 Bayesian empirical likelihood method

Lazar14 noted that EL has many of the same asymptotic properties as those derived from parametric models.
In this sense, EL could be used as the basis for Bayesian inference. Conceptually, Bayesian EL enjoys the
advantages of both EL and Bayesian methods: (i) no parametric assumption is needed by incorporating EL;
(ii) Bayesian framework quantifies uncertainty more naturally, and with proper choices of priors, the Bayesian EL
methods can outperform the classical EL methods.26 We propose two types of Bayesian EL methods to construct
credible intervals for sensitivity.

4.1 Bayesian empirical likelihood based on sensitivity

We noticed that the classical EL intervals (e.g. HEL and JEL) for sensitivity at a high specificity level (e.g.
p¼ 0.95) sometimes have under-coverage problems with small sample sizes (e.g. ðn;mÞ ¼ ð20; 20Þ; ð50; 50Þ.
See section 5). With prior knowledge on the diagnostic accuracy (i.e. sensitivity/specificity) of a test, Bayesian
EL methods could improve small sample performances of the classical EL methods, which motivated us propose
Bayesian EL methods for inference in medical diagnostics. To our knowledge, this article is the first application of
Bayesian EL in medical diagnostics. We follow Lazar14 to combine empirical likelihood LðhÞ with a specified prior
pðhÞ on h via the Bayes theorem to obtain a posterior

pðhjdataÞ / LðhÞpðhÞ

Instead of using parametric likelihood in traditional Bayesian framework, we use empirical likelihood here. An
important step is to choose an appropriate prior on sensitivity h. We consider reference priors in this study. Reference
priors, originally introduced by Bernardo,16 and further developed by Berger et al.,17,18 are a popular choice for
objective priors. They are an important type of objective priors which only depend on the assumed model and the
available data. In our problem, since we do not have a parametric model, we follow Clarke and Yuan15 to derive
reference priors for EL. The following proposition gives the reference priors for the Bayesian hybrid EL method where
LHðhÞc

�
is used as the likelihood, and LHðhÞ and c� are defined in equations (3) and (5) from section 2.3.

Proposition 2: The reference prior based on the relative entropy for HEL using WHjðh; pÞ from equation (2) is

pH;1ðhÞ ¼ b
3

2
;
3

2

� �

and the reference prior based on Hellinger distance is

pH;2ðhÞ ¼ b
1

2
;
1

2

� �

where bða; bÞ is the beta distribution with parameters a and b. The corresponding posterior is

pHðhjYÞ /
Yn
j¼1

½1þ ~kŴHjðh; pÞ��c�pHðhÞ

where pHðhÞ ¼ pH;1ðhÞ; or pH;2ðhÞ, and c� is from equation (5).
Based on these posteriors, we can calculate two equal-tail credible intervals for h. We call them as the Bayesian

Hybrid Empirical Likelihood 1 (BHEL1) interval and the Bayesian Hybrid Empirical Likelihood 2 (BHEL2)
interval using priors pH;1ðhÞ and pH;2ðhÞ, respectively.
Similarly, to construct Bayesian credible intervals for h based on the IFEL using Wkðh; pÞ in equation (7), we

propose the following reference priors

pIF;1ðhÞ / 1þm

n

� �
h 1� hð Þ þ 1þ n

m

� �
pð1� pÞ g

2ðgÞ
f2ðgÞ

" #1
2

and

pIF;2ðhÞ / ð1þm

n
Þhð1� hÞ þ ð1þ n

m
Þpð1� pÞ g

2ðgÞ
f2ðgÞ

" #�1
2
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Table 1. Coverage probabilities and average lengths of 95% confidence intervals for sensitivity h at a fixed level of specificity p when
F ¼ Nð0; 1Þ and G ¼ Nð1; 1Þ.

p¼ 0.95, h ¼ 0:26 p¼ 0.90, h ¼ 0:39 p¼ 0.80, h ¼ 0:56

Coverage Average Coverage Average Coverage Average

(m,n) Methods Probability Length Probability Length Probability Length

(20,20) NA 0.821 0.539 0.865 0.597 0.898 0.603

BTI 0.817 0.596 0.874 0.609 0.898 0.573

BTII 0.809 0.596 0.884 0.609 0.918 0.573

JEL 0.901 0.314 0.892 0.378 0.906 0.456

HEL 0.829 0.540 0.932 0.574 0.953 0.547

BHEL1 0.842 0.521 0.939 0.529 0.972 0.509

BHEL2 0.855 0.552 0.919 0.566 0.955 0.539

BpHEL1 0.856 0.553 0.909 0.582 0.932 0.553

BpHEL2 0.837 0.525 0.896 0.553 0.916 0.528

IFEL 0.820 0.485 0.902 0.594 0.924 0.614

BIFEL1 0.819 0.457 0.909 0.560 0.951 0.594

BIFEL2 0.822 0.465 0.900 0.581 0.932 0.620

BpIFEL1 0.836 0.571 0.877 0.625 0.919 0.625

BpIFEL2 0.837 0.564 0.873 0.616 0.914 0.618

(50,50) NA 0.874 0.379 0.902 0.405 0.921 0.394

BTI 0.901 0.425 0.918 0.435 0.927 0.401

BTII 0.901 0.425 0.931 0.435 0.940 0.401

JEL 0.931 0.236 0.879 0.288 0.922 0.332

HEL 0.888 0.384 0.944 0.423 0.951 0.395

BHEL1 0.926 0.386 0.945 0.400 0.964 0.375

BHEL2 0.943 0.392 0.945 0.414 0.963 0.393

BpHEL1 0.943 0.390 0.942 0.422 0.960 0.401

BpHEL2 0.923 0.378 0.936 0.411 0.956 0.391

IFEL 0.915 0.388 0.919 0.422 0.933 0.405

BIFEL1 0.915 0.364 0.934 0.414 0.951 0.408

BIFEL2 0.912 0.370 0.931 0.426 0.944 0.417

BpIFEL1 0.893 0.401 0.901 0.405 0.924 0.391

BpIFEL2 0.902 0.407 0.913 0.414 0.940 0.402

(100,100) NA 0.899 0.277 0.921 0.294 0.934 0.284

BTI 0.929 0.318 0.935 0.317 0.941 0.293

BTII 0.944 0.318 0.944 0.317 0.952 0.293

JEL 0.907 0.183 0.865 0.224 0.931 0.249

HEL 0.934 0.309 0.943 0.314 0.953 0.290

BHEL1 0.927 0.304 0.947 0.304 0.954 0.283

BHEL2 0.935 0.310 0.945 0.312 0.954 0.287

BpHEL1 0.934 0.312 0.942 0.316 0.955 0.291

BpHEL2 0.933 0.306 0.943 0.311 0.948 0.287

IFEL 0.915 0.291 0.933 0.304 0.940 0.288

BIFEL1 0.907 0.284 0.940 0.306 0.950 0.287

BIFEL2 0.907 0.289 0.937 0.311 0.944 0.290

BpIFEL1 0.902 0.281 0.925 0.296 0.934 0.284

BpIFEL2 0.898 0.285 0.932 0.299 0.943 0.285

(500, 500) NA 0.933 0.132 0.933 0.137 0.951 0.129

BTI 0.944 0.145 0.944 0.145 0.944 0.145

BTII 0.952 0.145 0.952 0.145 0.952 0.145

JEL 0.937 0.139 0.938 0.113 0.942 0.139

HEL 0.947 0.145 0.944 0.144 0.956 0.133

BHEL1 0.944 0.144 0.943 0.143 0.957 0.132

BHEL2 0.947 0.144 0.944 0.144 0.956 0.133

BpHEL1 0.937 0.144 0.934 0.145 0.961 0.133

BpHEL2 0.936 0.144 0.931 0.144 0.958 0.132
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These two priors are both proper since pIF;1ðhÞ is bounded by a constant and pIF;2ðhÞ is bounded by a beta

distribution. In practice, we use Ŵkðh; pÞ to estimate the influence function Wkðh; pÞ, and replace f, g, and g with

their estimates since they are generally unknown. The posterior based on this approach is then

pIFðhjZÞ /
Ymþn

k¼1

½1þ ~kŴkðh; pÞ��1pIFðhÞ

where pIFðhÞ ¼ pIF;1ðhÞ; or pIF;2ðhÞ.
Based on these posteriors, we also can calculate two equal-tail credible intervals for h. We call them as Bayesian

Influence Function-based Empirical Likelihood 1 (BIFEL1) and Bayesian Influence Function-based Empirical

Likelihood 2 (BIFEL2) intervals using priors pIF;1ðhÞ and pIf;2ðhÞ, respectively.

4.2 Bayesian pseudo empirical likelihood (BpEL) based on probability vector

The methods presented in section 4.1 are based on the posterior distributions of h. In this section, instead

of applying priors on h, we apply Rao and Wu’s method19 to obtain an alternative approach for Bayesian

EL inference on h based on probability vector ðp1; . . . ; plÞ. We treat ðp1; . . . ; plÞ as unknown parameters

Table 1. Continued.

p¼ 0.95, h ¼ 0:26 p¼ 0.90, h ¼ 0:39 p¼ 0.80, h ¼ 0:56

Coverage Average Coverage Average Coverage Average

(m,n) Methods Probability Length Probability Length Probability Length

IFEL 0.934 0.134 0.935 0.138 0.951 0.129

BIFEL1 0.938 0.136 0.939 0.139 0.953 0.130

BIFEL2 0.941 0.137 0.941 0.139 0.952 0.130

BpIFEL1 0.928 0.135 0.939 0.138 0.954 0.130

BpIFEL2 0.926 0.134 0.941 0.138 0.950 0.130

(50,100) NA 0.857 0.335 0.892 0.359 0.924 0.349

BTI 0.896 0.389 0.919 0.394 0.932 0.359

BTII 0.903 0.389 0.928 0.394 0.941 0.359

JEL 0.872 0.216 0.857 0.284 0.919 0.313

HEL 0.897 0.357 0.929 0.384 0.938 0.350

BHEL1 0.910 0.351 0.931 0.363 0.952 0.337

BHEL2 0.917 0.358 0.934 0.379 0.954 0.346

BpHEL1 0.917 0.357 0.928 0.386 0.948 0.351

BpHEL2 0.906 0.348 0.925 0.377 0.944 0.345

IFEL 0.893 0.337 0.912 0.378 0.931 0.360

BIFEL1 0.867 0.310 0.917 0.366 0.948 0.362

BIFEL2 0.864 0.310 0.914 0.369 0.943 0.366

BpIFEL1 0.882 0.370 0.909 0.370 0.937 0.352

BpIFEL2 0.883 0.369 0.907 0.368 0.936 0.351

(100,50) NA 0.911 0.326 0.922 0.349 0.930 0.341

BTI 0.924 0.358 0.919 0.366 0.935 0.345

BTII 0.932 0.358 0.932 0.366 0.944 0.345

JEL 0.943 0.196 0.875 0.237 0.924 0.283

HEL 0.928 0.350 0.952 0.366 0.955 0.345

BHEL1 0.937 0.344 0.953 0.349 0.960 0.333

BHEL2 0.942 0.351 0.949 0.361 0.952 0.342

BpHEL1 0.940 0.352 0.951 0.367 0.952 0.347

BpHEL2 0.933 0.344 0.949 0.359 0.951 0.342

IFEL 0.924 0.336 0.933 0.357 0.941 0.343

BIFEL1 0.927 0.328 0.950 0.355 0.959 0.341

BIFEL2 0.933 0.337 0.948 0.365 0.952 0.348

BpIFEL1 0.916 0.334 0.940 0.356 0.947 0.344

BpIFEL2 0.912 0.333 0.941 0.354 0.946 0.343
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Table 2. Coverage probabilities and average lengths of 95% confidence intervals for sensitivity h at a fixed level of specificity p when
F ¼ Normalð0; 1Þ and G ¼ Normalð2; 1Þ.

p¼ 0.95, h ¼ 0:64 p¼ 0.90, h ¼ 0:76 p¼ 0.80, h ¼ 0:88

Coverage Average Coverage Average Coverage Average

(m,n) Methods Probability Length Probability Length Probability Length

(20, 20) NA 0.768 0.534 0.853 0.480 0.868 0.363

BTI 0.779 0.558 0.860 0.496 0.903 0.359

BTII 0.784 0.558 0.877 0.496 0.913 0.359

JEL 0.783 0.236 0.800 0.260 0.748 0.270

HEL 0.826 0.500 0.819 0.389 0.563 0.225

BHEL1 0.933 0.475 0.935 0.411 0.947 0.224

BHEL2 0.890 0.523 0.928 0.482 0.820 0.388

BpHEL1 0.858 0.527 0.926 0.466 0.854 0.305

BpHEL2 0.834 0.498 0.918 0.441 0.854 0.292

IFEL 0.768 0.428 0.876 0.443 0.833 0.313

BIFEL1 0.845 0.398 0.858 0.433 0.899 0.257

BIFEL2 0.835 0.456 0.857 0.450 0.893 0.121

BpIFEL1 0.797 0.546 0.859 0.497 0.876 0.363

BpIFEL2 0.783 0.539 0.858 0.491 0.871 0.358

(50, 50) NA 0.857 0.402 0.887 0.335 0.910 0.240

BTI 0.888 0.456 0.910 0.363 0.918 0.245

BTII 0.902 0.456 0.923 0.363 0.929 0.245

JEL 0.820 0.205 0.888 0.230 0.884 0.217

HEL 0.955 0.445 0.943 0.345 0.878 0.203

BHEL1 0.951 0.418 0.967 0.348 0.947 0.248

BHEL2 0.940 0.437 0.955 0.351 0.960 0.245

BpHEL1 0.932 0.446 0.942 0.350 0.944 0.235

BpHEL2 0.920 0.431 0.932 0.340 0.936 0.231

IFEL 0.891 0.433 0.916 0.343 0.923 0.232

BIFEL1 0.902 0.405 0.945 0.353 0.923 0.240

BIFEL2 0.889 0.410 0.935 0.355 0.930 0.196

BpIFEL1 0.897 0.441 0.928 0.348 0.941 0.245

BpIFEL2 0.892 0.439 0.925 0.346 0.938 0.244

(100, 100) NA 0.883 0.305 0.914 0.246 0.934 0.173

BTI 0.917 0.352 0.930 0.264 0.937 0.176

BTII 0.929 0.352 0.940 0.264 0.946 0.176

JEL 0.905 0.150 0.842 0.191 0.903 0.158

HEL 0.935 0.344 0.953 0.262 0.936 0.169

BHEL1 0.956 0.330 0.959 0.259 0.959 0.181

BHEL2 0.944 0.340 0.950 0.260 0.960 0.176

BpHEL1 0.926 0.341 0.946 0.258 0.958 0.173

BpHEL2 0.918 0.335 0.936 0.255 0.954 0.171

IFEL 0.904 0.314 0.927 0.250 0.947 0.174

BIFEL1 0.907 0.314 0.937 0.256 0.953 0.174

BIFEL2 0.902 0.316 0.929 0.257 0.954 0.174

BpIFEL1 0.897 0.314 0.927 0.251 0.943 0.174

BpIFEL2 0.897 0.313 0.926 0.250 0.944 0.173

(500, 500) NA 0.921 0.149 0.938 0.115 0.950 0.078

BTI 0.948 0.165 0.944 0.120 0.947 0.078

BTII 0.953 0.165 0.950 0.120 0.955 0.078

JEL 0.940 0.236 0.930 0.233 0.932 0.212

HEL 0.953 0.163 0.950 0.120 0.949 0.078

BHEL1 0.955 0.162 0.952 0.120 0.954 0.079

BHEL2 0.954 0.163 0.950 0.120 0.955 0.078

BpHEL1 0.958 0.163 0.944 0.120 0.936 0.078

BpHEL2 0.958 0.162 0.948 0.120 0.932 0.078
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and the EL function is

LELðp1; . . . ; plÞ ¼
Yl
i¼1

pi

where l¼ n for hybrid EL, and l ¼ mþ n for influence function EL. Consider the Dirichlet prior Dða1; . . . ; alÞ on
ðp1; . . . ; plÞ

pðp1; . . . ; plÞ ¼ cða1; . . . ; alÞ
Yl
i¼1

pai�1
i

where cða1; . . . ; alÞ ¼ C
Xl

i¼1
ai

� �
=
Yl

i¼1
CðaiÞ. The posterior distribution of ðp1; . . . ; plÞ given the data is Dirichlet

Dð1þ a1; . . . ; 1þ alÞ is given by

pðp1; . . . ; pljdataÞ ¼ cð1þ a1; . . . ; 1þ anÞ
Yl
i¼1

paii

Table 2. Continued.

p¼ 0.95, h ¼ 0:64 p¼ 0.90, h ¼ 0:76 p¼ 0.80, h ¼ 0:88

Coverage Average Coverage Average Coverage Average

(m,n) Methods Probability Length Probability Length Probability Length

IFEL 0.931 0.150 0.942 0.115 0.951 0.078

BIFEL1 0.937 0.153 0.950 0.116 0.949 0.078

BIFEL2 0.936 0.153 0.950 0.116 0.948 0.078

BpIFEL1 0.933 0.152 0.946 0.116 0.944 0.078

BpIFEL2 0.939 0.151 0.944 0.116 0.945 0.078

(50, 100) NA 0.834 0.363 0.879 0.295 0.917 0.206

BTI 0.882 0.421 0.912 0.328 0.931 0.213

BTII 0.890 0.421 0.924 0.328 0.941 0.213

JEL 0.894 0.188 0.927 0.221 0.909 0.195

HEL 0.927 0.408 0.934 0.315 0.911 0.190

BHEL1 0.935 0.384 0.953 0.312 0.955 0.218

BHEL2 0.922 0.400 0.943 0.314 0.956 0.209

BpHEL1 0.910 0.406 0.934 0.312 0.946 0.201

BpHEL2 0.900 0.394 0.928 0.305 0.944 0.198

IFEL 0.870 0.367 0.910 0.307 0.936 0.208

BIFEL1 0.845 0.338 0.927 0.302 0.942 0.211

BIFEL2 0.840 0.340 0.915 0.303 0.945 0.209

BpIFEL1 0.877 0.400 0.918 0.305 0.944 0.209

BpIFEL2 0.880 0.399 0.919 0.303 0.944 0.208

(100, 50) NA 0.893 0.354 0.921 0.295 0.922 0.213

BTI 0.916 0.393 0.926 0.308 0.926 0.214

BTII 0.929 0.393 0.936 0.308 0.931 0.214

JEL 0.911 0.172 0.921 0.200 0.922 0.187

HEL 0.960 0.388 0.958 0.307 0.913 0.193

BHEL1 0.964 0.369 0.959 0.304 0.952 0.224

BHEL2 0.953 0.382 0.955 0.305 0.963 0.218

BpHEL1 0.952 0.387 0.950 0.307 0.954 0.211

BpHEL2 0.946 0.377 0.940 0.301 0.952 0.208

IFEL 0.907 0.363 0.932 0.295 0.925 0.208

BIFEL1 0.932 0.372 0.950 0.302 0.922 0.211

BIFEL2 0.928 0.378 0.945 0.304 0.934 0.174

BpIFEL1 0.916 0.365 0.940 0.300 0.940 0.214

BpIFEL2 0.919 0.363 0.936 0.299 0.939 0.213
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Table 3. Coverage probabilities and average lengths of 95% confidence intervals for sensitivity h at a fixed level of specificity p when
F ¼ Normalð0; 1Þ and G ¼ Normalð2:5; 1Þ.

p¼ 0.95, h ¼ 0:80 p¼ 0.90, h ¼ 0:90 p¼ 0.80, h ¼ 0:95

Coverage Average Coverage Average Coverage Average

(m,n) Methods Probability Length Probability Length Probability Length

(20, 20) NA 0.765 0.292 0.892 0.267 0.827 0.268

BT1 0.820 0.307 0.908 0.281 0.849 0.234

BT2 0.838 0.307 0.897 0.281 0.864 0.234

JEL 0.821 0.282 0.797 0.225 0.785 0.220

HEL 0.747 0.287 0.751 0.239 0.805 0.178

BHEL1 0.963 0.352 0.963 0.338 0.944 0.312

BHEL2 0.969 0.338 0.968 0.318 0.964 0.287

BpHEL1 0.928 0.303 0.910 0.268 0.912 0.216

BpHEL2 0.923 0.294 0.908 0.261 0.891 0.211

IF 0.848 0.259 0.854 0.221 0.882 0.165

BIFEL1 0.844 0.364 0.898 0.368 0.878 0.222

BIFEL2 0.887 0.367 0.849 0.373 0.895 0.182

BpIF1 0.926 0.278 0.892 0.251 0.886 0.211

BpIF2 0.924 0.275 0.890 0.248 0.812 0.209

(50, 50) NA 0.868 0.119 0.882 0.185 0.869 0.157

BT1 0.901 0.225 0.906 0.197 0.925 0.166

BT2 0.915 0.225 0.904 0.197 0.911 0.166

JEL 0.782 0.213 0.802 0.195 0.892 0.160

HEL 0.929 0.233 0.923 0.194 0.909 0.151

BHEL1 0.954 0.238 0.959 0.210 0.956 0.185

BHEL2 0.951 0.234 0.955 0.202 0.968 0.173

BpHEL1 0.943 0.230 0.939 0.196 0.933 0.164

BpHEL2 0.942 0.228 0.936 0.194 0.924 0.161

IF 0.915 0.220 0.918 0.172 0.916 0.139

BIFEL1 0.900 0.140 0.916 0.125 0.909 0.070

BIFEL2 0.915 0.950 0.895 0.129 0.901 0.107

BpIF1 0.915 0.394 0.919 0.179 0.918 0.152

BpIF2 0.915 0.338 0.919 0.178 0.918 0.152

(100, 100) NA 0.902 0.153 0.902 0.135 0.915 0.113

BT1 0.918 0.167 0.924 0.144 0.921 0.119

BT2 0.914 0.167 0.927 0.144 0.923 0.119

JEL 0.842 0.190 0.882 0.122 0.909 0.129

HEL 0.944 0.169 0.958 0.145 0.916 0.120

BHEL1 0.950 0.170 0.959 0.149 0.958 0.126

BHEL2 0.947 0.169 0.955 0.146 0.961 0.121

BpHEL1 0.944 0.167 0.953 0.144 0.950 0.119

BpHEL2 0.945 0.167 0.957 0.143 0.947 0.118

IF 0.916 0.148 0.941 0.131 0.913 0.109

BIFEL1 0.924 0.148 0.934 0.114 0.928 0.080

BIFEL2 0.915 0.147 0.945 0.111 0.911 0.082

BpIF1 0.916 0.148 0.943 0.131 0.931 0.111

BpIF2 0.915 0.148 0.944 0.131 0.910 0.110

(500, 500) NA 0.941 0.073 0.943 0.063 0.958 0.052

BT1 0.949 0.075 0.949 0.065 0.958 0.054

BT2 0.952 0.075 0.951 0.065 0.956 0.054

JEL 0.901 0.097 0.929 0.076 0.913 0.085

HEL 0.959 0.076 0.949 0.065 0.957 0.054

BHEL1 0.956 0.076 0.949 0.065 0.957 0.055

BHEL2 0.958 0.075 0.947 0.065 0.954 0.054

BpHEL1 0.953 0.075 0.942 0.065 0.952 0.054

BpHEL2 0.954 0.075 0.947 0.064 0.952 0.054

(continued)
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The posterior of sensitivity h satisfies the following equation

Xl
i¼1

piQ̂iðhÞ ¼ 0 (12)

where Q̂iðhÞ is an estimating/influence function and ðp1; . . . ; plÞ follows the Dirichlet distribution
Dð1þ a1; . . . ; 1þ alÞ. In practice, we can generate samples of ðp1; . . . ; plÞ from Dð1þ a1; . . . ; 1þ alÞ, and by
solving equation (12), we get the posterior samples of h. Based on these posterior samples, we can calculate
the equal-tail credible intervals for sensitivity h.

Similar to section 4.1, we consider two types of EL: hybrid EL (equation (3)) and influence function EL
(equation (9)). We call them Bayesian pseudo hybrid EL (BpHEL) and Bayesian pseudo influence function

EL (BpIFEL), respectively. For BpHEL, we use ŴHjðh; pÞ to replace Q̂iðhÞ in equation (12), and consider

Dðc�; . . . ; c�Þ and Dðc� þ 1
n ; . . . ; c

� þ 1
nÞ as the priors (labeled BpHEL1 and BpHEL2, respectively), where c�

is the scale estimate defined in Section 2.32. For BpIFEL, similarly, we use Ŵkðh; pÞ to replace Q̂iðhÞ in equa-

tion (12), and consider Dð1; . . . ; 1Þ and Dð1þ 1
nþm ; . . . ; 1þ 1

nþmÞ as the priors (labeled BpIFEL1 and BpIFEL2,

respectively).

Table 3. Continued.

p¼ 0.95, h ¼ 0:80 p¼ 0.90, h ¼ 0:90 p¼ 0.80, h ¼ 0:95

Coverage Average Coverage Average Coverage Average

(m,n) Methods Probability Length Probability Length Probability Length

IF 0.939 0.069 0.937 0.061 0.946 0.051

BIFEL1 0.950 0.083 0.945 0.060 0.953 0.048

BIFEL2 0.949 0.083 0.941 0.060 0.950 0.048

BpIF1 0.939 0.069 0.935 0.061 0.944 0.051

BpIF2 0.938 0.069 0.933 0.061 0.945 0.051

(50, 100) NA 0.900 0.848 0.899 0.139 0.911 0.116

BT1 0.912 0.185 0.922 0.157 0.932 0.128

BT2 0.932 0.185 0.932 0.157 0.927 0.128

JEL 0.892 0.163 0.901 0.167 0.916 0.125

HEL 0.945 0.190 0.954 0.157 0.907 0.126

BHEL1 0.943 0.192 0.966 0.162 0.961 0.135

BHEL2 0.946 0.190 0.959 0.158 0.967 0.129

BpHEL1 0.940 0.188 0.951 0.156 0.954 0.126

BpHEL2 0.937 0.186 0.950 0.154 0.954 0.125

IF 0.908 0.180 0.933 0.133 0.909 0.110

BIFEL1 0.902 0.125 0.911 0.112 0.921 0.106

BIFEL2 0.901 0.123 0.915 0.109 0.909 0.105

BpIF1 0.907 0.139 0.932 0.134 0.922 0.112

BpIF2 0.904 0.089 0.930 0.133 0.900 0.112

(100, 50) NA 0.878 0.204 0.907 0.184 0.911 0.156

BT1 0.901 0.214 0.903 0.188 0.928 0.159

BT2 0.913 0.214 0.916 0.188 0.922 0.159

JEL 0.901 0.224 0.921 0.188 0.901 0.168

HEL 0.931 0.218 0.926 0.189 0.918 0.149

BHEL1 0.956 0.223 0.945 0.200 0.956 0.177

BHEL2 0.952 0.219 0.952 0.193 0.964 0.166

BpHEL1 0.941 0.215 0.936 0.189 0.933 0.158

BpHEL2 0.940 0.213 0.931 0.186 0.930 0.157

IF 0.922 0.197 0.917 0.171 0.908 0.139

BIFEL1 0.917 0.172 0.930 0.104 0.926 0.070

BIFEL2 0.924 0.169 0.935 0.110 0.913 0.107

BpIF1 0.927 0.199 0.917 0.178 0.930 0.151

BpIF2 0.925 0.199 0.917 0.178 0.930 0.151
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Table 4. Coverage probabilities and average lengths of 95% confidence intervals for sensitivity h at a fixed level of specificity p when
F ¼ expð1Þ and G ¼ expð0:25Þ.

p¼ 0.95, h ¼ 0:47 p¼ 0.90, h ¼ 0:56 p¼ 0.80, h ¼ 0:67

Coverage Average Coverage Average Coverage Average

(m,n) Methods Probability Length Probability Length Probability Length

(20, 20) NA 0.826 0.485 0.890 0.487 0.880 0.971

BTI 0.844 0.520 0.890 0.505 0.904 0.458

BTII 0.846 0.520 0.905 0.505 0.916 0.458

JEL 0.639 0.289 0.705 0.337 0.893 0.389

HEL 0.923 0.513 0.959 0.507 0.934 0.451

BHEL1 0.943 0.476 0.971 0.469 0.976 0.439

BHEL2 0.926 0.505 0.952 0.494 0.962 0.454

BpHEL1 0.919 0.524 0.938 0.506 0.953 0.460

BpHEL2 0.910 0.503 0.931 0.487 0.944 0.444

IFEL 0.872 0.472 0.902 0.486 0.935 0.445

BIFEL1 0.901 0.449 0.927 0.471 0.942 0.437

BIFEL2 0.871 0.470 0.906 0.495 0.936 0.454

BpIFEL1 0.879 0.483 0.893 0.488 0.941 0.450

BpIFEL2 0.837 0.564 0.873 0.616 0.914 0.618

(50, 50) NA 0.904 0.412 0.913 0.333 0.922 0.307

BTI 0.915 0.376 0.931 0.351 0.933 0.313

BTII 0.925 0.376 0.939 0.351 0.945 0.313

JEL 0.396 0.209 0.646 0.246 0.927 0.275

HEL 0.947 0.382 0.956 0.351 0.956 0.314

BHEL1 0.955 0.356 0.963 0.337 0.965 0.306

BHEL2 0.947 0.368 0.956 0.347 0.957 0.312

BpHEL1 0.942 0.373 0.956 0.353 0.955 0.314

BpHEL2 0.938 0.366 0.953 0.346 0.950 0.309

IFEL 0.923 0.395 0.927 0.335 0.936 0.297

BIFEL1 0.928 0.382 0.933 0.334 0.941 0.294

BIFEL2 0.925 0.390 0.927 0.341 0.938 0.299

BpIFEL1 0.904 0.332 0.909 0.310 0.934 0.294

BpIFEL2 0.898 0.331 0.911 0.309 0.933 0.293

(100, 100) NA 0.905 0.264 0.927 0.246 0.939 0.222

BTI 0.932 0.281 0.939 0.256 0.944 0.226

BTII 0.943 0.281 0.945 0.256 0.950 0.226

JEL 0.256 0.163 0.649 0.192 0.937 0.204

HEL 0.946 0.279 0.951 0.256 0.956 0.227

BHEL1 0.949 0.272 0.955 0.250 0.959 0.223

BHEL2 0.947 0.277 0.952 0.255 0.957 0.226

BpHEL1 0.934 0.281 0.937 0.257 0.944 0.226

BpHEL2 0.928 0.277 0.938 0.255 0.942 0.224

IFEL 0.923 0.267 0.935 0.246 0.942 0.214

BIFEL1 0.930 0.266 0.937 0.246 0.946 0.213

BIFEL2 0.926 0.269 0.934 0.248 0.943 0.215

BpIFEL1 0.911 0.262 0.925 0.245 0.934 0.214

BpIFEL2 0.873 0.231 0.901 0.221 0.923 0.208

(500, 500) NA 0.933 0.123 0.944 0.113 0.950 0.101

BTI 0.945 0.127 0.948 0.115 0.951 0.102

BTII 0.951 0.127 0.953 0.115 0.953 0.102

JEL 0.837 0.139 0.838 0.113 0.842 0.139

HEL 0.947 0.272 0.944 0.203 0.954 0.209

BHEL1 0.949 0.272 0.955 0.250 0.959 0.223

BHEL2 0.947 0.277 0.952 0.255 0.957 0.226

BpHEL1 0.944 0.127 0.942 0.115 0.946 0.103

BpHEL2 0.936 0.127 0.938 0.115 0.942 0.102
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5 Simulation study

Simulation studies are conducted to examine the finite sample performance of the proposed approaches: influence

function-based empirical likelihood (IFEL), Bayesian influence function empirical likelihood methods (BIFEL1

and BIFEL2) with reference priors pIF;1ðhÞ and pIF;2ðhÞ, Bayesian hybrid empirical likelihood methods (BHEL1

and BHEL2) with reference priors pH;1ðhÞ and pH;2ðhÞ, Bayesian pseudo influence function empirical likelihood

method (BpIFEL), and Bayesian pseudo hybrid empirical likelihood method (BpHEL). We compare them with

existing approaches including BTI, BTII, smoothed JEL method, hybrid empirical likelihood method (HEL), and

the modified normal approximation (NA) method proposed by Linnet.6

5.1 Simulation settings

We consider seven simulation settings for the underlying non-diseased distribution F and diseased distribution G:

(i) Normal distributions with F ¼ Nð0; 1Þ and G ¼ Nð1; 1Þ, (ii) normal distributions with F ¼ Nð0; 1Þ
and G ¼ Nð2; 1Þ, (iii) normal distributions with F ¼ Nð0; 1Þ and G ¼ Nð2:5; 1Þ, (iv) exponential distributions

with F ¼ Exponentialð1Þ and G ¼ Exponentialð0:25Þ, (v) exponential distributions with F ¼ Exponentialð4:25Þ
and G ¼ Exponentialð0:25Þ, (vi) mixed distributions with F ¼ Nð1; 1Þ and G ¼ Exponentialð0:5Þ, and (vii) mixed

distributions with F ¼ Nð0; 1Þ and G ¼ Exponentialð0:1Þ. Under settings (i), (ii) and (iii), both the diseased and

Table 4. Continued.

p¼ 0.95, h ¼ 0:47 p¼ 0.90, h ¼ 0:56 p¼ 0.80, h ¼ 0:67

Coverage Average Coverage Average Coverage Average

(m,n) Methods Probability Length Probability Length Probability Length

IFEL 0.943 0.124 0.947 0.113 0.949 0.099

BIFEL1 0.935 0.124 0.946 0.113 0.953 0.101

BIFEL2 0.935 0.124 0.946 0.113 0.952 0.101

BpIFEL1 0.944 0.124 0.939 0.113 0.951 0.099

BpIFEL2 0.941 0.123 0.936 0.113 0.950 0.099

(50, 100) NA 0.869 0.254 0.893 0.275 0.922 0.250

BTI 0.907 0.329 0.925 0.301 0.936 0.261

BTII 0.912 0.329 0.934 0.301 0.947 0.261

JEL 0.349 0.185 0.721 0.226 0.934 0.235

HEL 0.933 0.328 0.941 0.298 0.951 0.259

BHEL1 0.939 0.311 0.950 0.289 0.960 0.254

BHEL2 0.934 0.320 0.942 0.296 0.951 0.258

BpHEL1 0.923 0.328 0.939 0.300 0.940 0.259

BpHEL2 0.918 0.323 0.935 0.296 0.937 0.257

IFEL 0.900 0.338 0.904 0.281 0.925 0.241

BIFEL1 0.897 0.317 0.913 0.280 0.932 0.241

BIFEL2 0.894 0.320 0.907 0.283 0.928 0.244

BpIFEL1 0.859 0.272 0.876 0.247 0.901 0.232

BpIFEL2 0.861 0.271 0.876 0.246 0.906 0.231

(100, 50) NA 0.915 0.319 0.928 0.312 0.939 0.286

BTI 0.929 0.336 0.934 0.315 0.941 0.286

BTII 0.939 0.336 0.943 0.315 0.948 0.286

JEL 0.324 0.188 0.621 0.223 0.932 0.254

HEL 0.950 0.337 0.957 0.317 0.959 0.289

BHEL1 0.958 0.325 0.963 0.307 0.965 0.283

BHEL2 0.951 0.334 0.958 0.315 0.961 0.288

BpHEL1 0.948 0.340 0.957 0.319 0.960 0.298

BpHEL2 0.940 0.334 0.953 0.315 0.953 0.286

IFEL 0.928 0.328 0.943 0.308 0.943 0.277

BIFEL1 0.934 0.327 0.946 0.305 0.954 0.273

BIFEL2 0.929 0.333 0.943 0.309 0.948 0.277

BpIFEL1 0.926 0.327 0.944 0.309 0.942 0.278

BpIFEL2 0.904 0.299 0.931 0.290 0.933 0.274
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Table 5. Coverage probabilities and average lengths of 95% confidence intervals for sensitivity h at a fixed level of specificity p when
F ¼ expð4:25Þ and G ¼ expð0:25Þ.

p¼ 0.95, h ¼ 0:85 p¼ 0.90, h ¼ 0:88 p¼ 0.80, h ¼ 0:92

(m,n) Methods Coverage Average Coverage Average Coverage Average

(20, 20) NA 0.747 0.409 0.814 0.334 0.734 0.219

BT1 0.764 0.424 0.864 0.350 0.819 0.218

BT2 0.773 0.424 0.873 0.350 0.835 0.218

JEL 0.721 0.411 0.751 0.328 0.758 0.213

HEL 0.794 0.279 0.796 0.211 0.714 0.151

BHEL1 0.841 0.271 0.832 0.201 0.853 0.284

BHEL2 0.898 0.263 0.873 0.079 0.851 0.308

BpHEL1 0.882 0.382 0.879 0.292 0.874 0.143

BpHEL2 0.870 0.361 0.864 0.277 0.870 0.148

IF 0.808 0.275 0.791 0.253 0.769 0.138

BIFEL1 0.776 0.105 0.858 0.074 0.855 0.100

BIFEL2 0.886 0.111 0.857 0.174 0.843 0.100

BpIF1 0.879 0.412 0.875 0.338 0.877 0.208

BpIF2 0.888 0.407 0.861 0.333 0.842 0.205

(50, 50) NA 0.844 0.317 0.876 0.231 0.892 0.147

BT1 0.858 0.365 0.884 0.257 0.823 0.150

BT2 0.892 0.365 0.889 0.257 0.882 0.150

JEL 0.794 0.342 0.866 0.257 0.854 0.161

HEL 0.896 0.348 0.922 0.205 0.902 0.161

BHEL1 0.939 0.359 0.951 0.261 0.912 0.059

BHEL2 0.949 0.360 0.948 0.243 0.917 0.036

BpHEL1 0.926 0.354 0.948 0.237 0.932 0.131

BpHEL2 0.920 0.343 0.944 0.231 0.927 0.129

IF 0.906 0.336 0.916 0.229 0.908 0.112

BIFEL1 0.902 0.416 0.945 0.300 0.923 0.146

BIFEL2 0.889 0.422 0.935 0.294 0.930 0.136

BpIF1 0.905 0.345 0.940 0.242 0.901 0.146

BpIF2 0.899 0.343 0.936 0.241 0.901 0.146

(100, 100) NA 0.885 0.237 0.917 0.171 0.920 0.105

BT1 0.874 0.279 0.903 0.184 0.904 0.105

BT2 0.892 0.279 0.904 0.184 0902 0.105

JEL 0.841 0.274 0.848 0.196 0.898 0.120

HEL 0.927 0.267 0.917 0.169 0.911 0.070

BHEL1 0.962 0.273 0.957 0.191 0.929 0.101

BHEL2 0.952 0.272 0.954 0.183 0.953 0.089

BpHEL1 0.935 0.265 0.938 0.176 0.938 0.100

BpHEL2 0.932 0.260 0.932 0.173 0.932 0.099

IF 0.897 0.247 0.933 0.172 0.911 0.093

BIFEL1 0.907 0.395 0.937 0.242 0.953 0.138

BIFEL2 0.902 0.398 0.929 0.242 0.954 0.137

BpIF1 0.919 0.247 0.926 0.173 0.930 0.104

BpIF2 0.899 0.246 0.923 0.173 0.931 0.104

(500, 500) NA 0.942 0.116 0.941 0.079 0.949 0.047

BT1 0.940 0.126 0.944 0.081 0.940 0.047

BT2 0.948 0.126 0.955 0.081 0.945 0.047

JEL 0.939 0.165 0.9314 0.078 0.934 0.042

HEL 0.947 0.126 0.949 0.081 0.949 0.044

BHEL1 0.947 0.126 0.947 0.082 0.941 0.048

BHEL2 0.947 0.126 0.948 0.081 0.949 0.047

BpHEL1 0.934 0.126 0.942 0.081 0.952 0.047

BpHEL2 0.934 0.125 0.938 0.081 0.947 0.046

IF 0.943 0.117 0.945 0.079 0.951 0.043
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non-diseased distributions of test results are normal distributions but with different degrees of separation and

corresponding to low, medium, and high sensitivity, respectively. Similarly, settings (iv), (vi) and settings (v), (vii)

are corresponding to medium and high sensitivity, respectively. Random samples of size m and n are generated

from F and G, respectively. Sample sizes (m, n)¼ (20, 20), (50, 50), (100, 100), (50, 100), (100, 50), (500, 500) are

considered. We construct 95% level confidence (credible) intervals for sensitivity h at specificity levels p ¼ 80%,

90% and 95%, respectively. The simulation procedure is repeated 5000 times to find the frequentist coverage

probabilities and average lengths of the intervals. For JEL method, we use the kernel wðxÞ ¼ 15
16
ð1� x2Þ2Iðjxj � 1Þ

and h ¼ n�1=3 as suggested by Gong et al.11

5.2 Simulation results

The simulation results under the normal distribution settings are reported in Tables 1 to 3. From Table 1 where

the sensitivity is at low level, we observe that HEL and Bayesian approaches based on HEL have the best overall

performance. Bayesian approaches generally have similar or improved performance over HEL. We note that

BpHEL2 intervals generally have lower coverage probabilities than the three other Bayesian HEL intervals when

sample size is (20, 20). The possible reason is the modified prior is not good for small sample size. IFEL and

corresponding Bayesian approaches have slightly worse performance compared with HEL-related approaches,

especially when specificity is high.

Table 5. Continued.

p¼ 0.95, h ¼ 0:85 p¼ 0.90, h ¼ 0:88 p¼ 0.80, h ¼ 0:92

(m,n) Methods Coverage Average Coverage Average Coverage Average

BIFEL1 0.939 0.137 0.945 0.101 0.946 0.107

BIFEL2 0.936 0.137 0.945 0.102 0.947 0.071

BpIF1 0.937 0.117 0.946 0.119 0.946 0.095

BpIF2 0.942 0.117 0.943 0.109 0.947 0.096

(50, 100) NA 0.826 0.279 0.899 0.202 0.915 0.124

BT1 0.885 0.335 0.914 0.230 0.927 0.125

BT2 0.892 0.335 0.928 0.230 0.937 0.125

JEL 0.898 0.343 0.829 0.206 0.848 0.126

HEL 0.918 0.321 0.901 0.188 0.893 0.067

BHEL1 0.929 0.328 0.955 0.239 0.918 0.113

BHEL2 0.924 0.329 0.955 0.225 0.952 0.095

BpHEL1 0.908 0.322 0.934 0.210 0.934 0.112

BpHEL2 0.902 0.312 0.930 0.206 0.932 0.111

IF 0.874 0.287 0.919 0.206 0.910 0.107

BIFEL1 0.845 0.483 0.927 0.239 0.942 0.143

BIFEL2 0.840 0.485 0.915 0.239 0.945 0.141

BpIF1 0.877 0.310 0.905 0.208 0.930 0.121

BpIF2 0.893 0.310 0.904 0.208 0.928 0.121

(100, 50) NA 0.900 0.279 0.908 0.210 0.905 0.132

BT1 0.901 0.316 0.915 0.220 0.908 0.131

BT2 0.904 0.316 0.913 0.220 0.910 0.131

JEL 0.860 0.315 0.906 0.221 0.846 0.133

HEL 0.912 0.300 0.933 0.193 0.918 0.099

BHEL1 0.968 0.313 0.958 0.228 0.936 0.149

BHEL2 0.942 0.310 0.952 0.215 0.931 0.026

BpHEL1 0.942 0.302 0.942 0.210 0.946 0.119

BpHEL2 0.940 0.295 0.940 0.207 0.940 0.117

IF 0.925 0.286 0.908 0.202 0.903 0.093

BIFEL1 0.932 0.469 0.950 0.240 0.922 0.172

BIFEL2 0.928 0.477 0.945 0.240 0.934 0.170

BpIF1 0.924 0.288 0.947 0.212 0.938 0.129

BpIF2 0.924 0.287 0.945 0.210 0.927 0.128
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Table 6. Coverage probabilities and average lengths of 95% confidence intervals for sensitivity h at a fixed level of specificity p when
F ¼ Normalð1; 1Þ and G ¼ expð0:5Þ.

p¼ 0.95, h ¼ 0:27 p¼ 0.90, h ¼ 0:32 p¼ 0.80, h ¼ 0:40

Coverage Average Coverage Average Coverage Average

(m,n) Methods probability length probability length probability length

(20, 20) NA 0.898 0.430 0.922 0.461 0.926 0.496

BTI 0.879 0.432 0.903 0.449 0.915 0.468

BTII 0.878 0.432 0.909 0.449 0.924 0.468

JEL 0.874 0.272 0.903 0.327 0.939 0.410

HEL 0.902 0.430 0.938 0.453 0.959 0.475

BHEL1 0.934 0.421 0.949 0.433 0.968 0.445

BHEL2 0.940 0.433 0.949 0.450 0.959 0.468

BpHEL1 0.936 0.437 0.949 0.459 0.954 0.483

BpHEL2 0.932 0.423 0.944 0.444 0.944 0.467

IFEL 0.932 0.427 0.943 0.460 0.949 0.496

BIFEL1 0.943 0.414 0.955 0.448 0.957 0.483

BIFEL2 0.944 0.435 0.951 0.472 0.953 0.510

BpIFEL1 0.926 0.430 0.949 0.467 0.943 0.504

BpIFEL2 0.915 0.425 0.943 0.461 0.939 0.498

(50, 50) NA 0.926 0.282 0.939 0.297 0.943 0.316

BTI 0.925 0.289 0.931 0.300 0.940 0.312

BTII 0.930 0.289 0.936 0.300 0.946 0.312

JEL 0.775 0.180 0.874 0.224 0.946 0.278

HEL 0.946 0.286 0.949 0.302 0.955 0.315

BHEL1 0.949 0.282 0.951 0.294 0.958 0.305

BHEL2 0.948 0.285 0.949 0.300 0.955 0.312

BpHEL1 0.948 0.284 0.956 0.302 0.952 0.317

BpHEL2 0.945 0.280 0.955 0.297 0.952 0.312

IFEL 0.938 0.293 0.946 0.299 0.952 0.317

BIFEL1 0.955 0.289 0.951 0.299 0.951 0.316

BIFEL2 0.952 0.300 0.955 0.308 0.959 0.323

BpIFEL1 0.951 0.289 0.952 0.298 0.957 0.318

BpIFEL2 0.949 0.287 0.950 0.297 0.948 0.317

(100, 100) NA 0.933 0.199 0.940 0.210 0.946 0.224

BTI 0.940 0.209 0.942 0.214 0.943 0.223

BTII 0.946 0.209 0.948 0.214 0.950 0.223

JEL 0.649 0.134 0.869 0.169 0.944 0.203

HEL 0.948 0.209 0.953 0.215 0.951 0.224

BHEL1 0.947 0.207 0.951 0.212 0.955 0.221

BHEL2 0.95 0.208 0.953 0.214 0.952 0.224

BpHEL1 0.944 0.210 0.950 0.215 0.951 0.225

BpHEL2 0.947 0.208 0.947 0.214 0.952 0.223

IFEL 0.940 0.202 0.944 0.211 0.951 0.224

BIFEL1 0.944 0.205 0.949 0.212 0.959 0.223

BIFEL2 0.941 0.208 0.946 0.215 0.956 0.226

BpIFEL1 0.936 0.201 0.942 0.211 0.953 0.224

BpIFEL2 0.939 0.201 0.941 0.211 0.953 0.224

(500, 500) NA 0.946 0.090 0.949 0.094 0.947 0.100

BTI 0.949 0.093 0.952 0.096 0.952 0.100

BTII 0.953 0.093 0.953 0.096 0.953 0.100

JEL 0.857 0.168 0.892 0.300 0.944 0.281

HEL 0.952 0.093 0.952 0.096 0.951 0.101

BHEL1 0.950 0.093 0.952 0.096 0.953 0.100

BHEL2 0.952 0.093 0.952 0.096 0.951 0.100

BpHEL1 0.944 0.093 0.935 0.096 0.934 0.100

BpHEL2 0.948 0.093 0.942 0.096 0.937 0.100
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BTI and BTII are generally not as good, especially when sample size is small. JEL performs the best under one

setting (when sample size is (20, 20) and specificity p ¼ 95%) but has poor performance compared with our methods

for other settings. Under the unbalanced sample setting, our new methods are similar to or better than others, and

BHEL and BpHEL methods are much better than HEL. We also notice that the performance for sample size (100,

50) is much better than that of sample size (50, 100). It indicates that non-diseased samples are more important in

the inference of sensitivity with high specificity. Comparing the results from the normal distribution setting (i) with

those from the normal distribution settings (ii) and (iii) which have higher degree of separation and higher sensi-

tivity, we can see from Tables 2 and 3 that the performance of methods does not obviously depend on the degree of

separation of test outcomes in the diseased and non-diseased groups. The methods have similar or slightly worse

finite sample performance with higher degree of separation of test results in terms of coverage probability. For

example, when sample size is (20, 20) and (50, 50) with specificity p¼ 0.8 and sensitivity h ¼ 0:95, the performance

of IF-related methods is worse than that with the lower sensitivity settings.
The simulation results under the exponential distribution settings are reported in Tables 4 and 5. HEL and

BHEL intervals still perform well in both balanced and unbalanced settings. The performance of BHEL1 and

BHEL2 intervals are improved comparing with that of HEL intervals, and the coverage probabilities of BHEL1

and BHEL2 intervals are very close to 95% when sensitivity is at medium level. Especially, when sample size is

(20, 20) and specificity p¼ 0.95, BHEL1 interval has the highest coverage probability 94.3% which is very close to

Table 6. Continued.

p¼ 0.95, h ¼ 0:27 p¼ 0.90, h ¼ 0:32 p¼ 0.80, h ¼ 0:40

Coverage Average Coverage Average Coverage Average

(m,n) Methods probability length probability length probability length

IFEL 0.948 0.091 0.950 0.094 0.948 0.100

BIFEL1 0.943 0.091 0.936 0.095 0.945 0.100

BIFEL2 0.944 0.092 0.935 0.095 0.944 0.100

BpIFEL1 0.942 0.091 0.934 0.095 0.933 0.100

BpIFEL2 0.943 0.091 0.935 0.095 0.932 0.100

(50, 100) NA 0.923 0.220 0.930 0.233 0.943 0.251

BTI 0.930 0.234 0.934 0.241 0.941 0.251

BTII 0.930 0.234 0.942 0.241 0.950 0.251

JEL 0.665 0.151 0.862 0.190 0.930 0.227

HEL 0.947 0.231 0.943 0.241 0.950 0.251

BHEL1 0.945 0.228 0.944 0.237 0.953 0.246

BHEL2 0.948 0.230 0.943 0.240 0.950 0.250

BpHEL1 0.944 0.230 0.939 0.241 0.942 0.252

BpHEL2 0.945 0.228 0.937 0.239 0.939 0.250

IFEL 0.942 0.234 0.938 0.238 0.949 0.254

BIFEL1 0.954 0.231 0.946 0.241 0.949 0.256

BIFEL2 0.944 0.235 0.941 0.245 0.951 0.260

BpIFEL1 0.943 0.230 0.929 0.236 0.948 0.254

BpIFEL2 0.941 0.229 0.928 0.235 0.948 0.253

(100, 50) NA 0.936 0.264 0.942 0.278 0.944 0.293

BTI 0.933 0.267 0.933 0.276 0.942 0.288

BTII 0.939 0.267 0.942 0.276 0.948 0.288

JEL 0.767 0.168 0.872 0.210 0.940 0.261

HEL 0.947 0.270 0.953 0.280 0.955 0.292

BHEL1 0.952 0.266 0.954 0.274 0.961 0.285

BHEL2 0.951 0.269 0.952 0.278 0.956 0.290

BpHEL1 0.953 0.269 0.951 0.279 0.945 0.293

BpHEL2 0.951 0.265 0.946 0.276 0.948 0.290

IFEL 0.940 0.264 0.949 0.276 0.953 0.291

BIFEL1 0.955 0.262 0.955 0.273 0.957 0.287

BIFEL2 0.947 0.268 0.952 0.279 0.950 0.293

BpIFEL1 0.945 0.262 0.950 0.276 0.941 0.292

BpIFEL2 0.945 0.261 0.946 0.275 0.942 0.291
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Table 7. Coverage probabilities and average lengths of 95% confidence intervals for sensitivity h at a fixed level of specificity p when
F ¼ Normalð0; 1Þ and G ¼ expð0:1Þ.

p¼ 0.95, h ¼ 0:85 p¼ 0.90, h ¼ 0:89 p¼ 0.80, h ¼ 0:92

Coverage Average Coverage Average Coverage Average

(m,n) Methods probability length probability length probability length

(20, 20) NA 0.754 0.283 0.872 0.257 0.730 0.205

BT1 0.790 0.280 0.878 0.259 0.800 0.215

BT2 0.816 0.280 0.864 0.259 0.826 0.215

JEL 0.802 0.272 0.800 0.279 0.714 0.291

HEL 0.806 0.256 0.889 0.210 0.855 0.128

BHEL1 0.908 0.343 0.902 0.338 0.915 0.327

BHEL2 0.925 0.295 0.895 0.284 0.911 0.267

BpHEL1 0.920 0.290 0.912 0.258 0.891 0.195

BpHEL2 0.919 0.281 0.892 0.250 0.909 0.189

IF 0.808 0.248 0.831 0.212 0.823 0.138

BIFEL1 0.822 0.242 0.841 0.211 0.898 0.160

BIFEL2 0.805 0.259 0.844 0.231 0.867 0.179

BpIF1 0.915 0.270 0.867 0.244 0.872 0.196

BpIF2 0.914 0.266 0.860 0.242 0.872 0.193

(50, 50) NA 0.903 0.199 0.903 0.181 0.874 0.149

BT1 0.888 0.211 0.906 0.192 0.900 0.161

BT2 0.904 0.211 0.910 0.192 0.906 0.161

JEL 0.821 0.191 0.841 0.208 0.836 0.172

HEL 0.913 0.213 0.906 0.172 0.910 0.125

BHEL1 0.949 0.226 0.958 0.208 0.930 0.188

BHEL2 0.947 0.211 0.958 0.190 0.959 0.164

BpHEL1 0.935 0.217 0.936 0.192 0.931 0.157

BpHEL2 0.931 0.214 0.928 0.189 0.929 0.155

IF 0.901 0.193 0.889 0.173 0.854 0.124

BIFEL1 0.906 0.194 0.866 0.170 0.824 0.130

BIFEL2 0.876 0.193 0.884 0.171 0.852 0.133

BpIF1 0.895 0.194 0.887 0.175 0.856 0.144

BpIF2 0.893 0.193 0.887 0.174 0.856 0.143

(100, 100) NA 0.893 0.146 0.927 0.131 0.901 0.109

BT1 0.906 0.156 0.922 0.139 0.914 0.117

BT2 0.918 0.156 0.924 0.139 0.916 0.117

JEL 0.860 0.180 0.859 0.140 0.890 0.124

HEL 0.954 0.158 0.946 0.138 0.918 0.107

BHEL1 0.957 0.161 0.955 0.145 0.958 0.127

BHEL2 0.956 0.155 0.953 0.138 0.962 0.118

BpHEL1 0.951 0.157 0.945 0.140 0.938 0.117

BpHEL2 0.949 0.157 0.947 0.139 0.939 0.116

IF 0.932 0.145 0.928 0.130 0.915 0.105

BIFEL1 0.947 0.143 0.934 0.130 0.897 0.106

BIFEL2 0.923 0.142 0.910 0.128 0.888 0.105

BpIF1 0.930 0.142 0.919 0.128 0.914 0.106

BpIF2 0.931 0.141 0.919 0.127 0.914 0.105

(500, 500) NA 0.938 0.068 0.937 0.061 0.941 0.051

BT1 0.934 0.071 0.932 0.064 0.950 0.053

BT2 0.940 0.071 0.946 0.064 0.954 0.053

JEL 0.936 0.080 0.931 0.086 0.922 0.072

HEL 0.947 0.071 0.951 0.064 0.953 0.053

BHEL1 0.948 0.071 0.949 0.064 0.948 0.054

BHEL2 0.943 0.071 0.950 0.063 0.955 0.053

BpHEL1 0.946 0.071 0.952 0.064 0.951 0.053

BpHEL2 0.943 0.071 0.955 0.063 0.951 0.053

(continued)
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the nominal confidence level 95%. Influence function-related IFEL, BIFEL and BpIFEL intervals do not work
well here, possibly because of the poor density estimation. NA, BTI and BTII intervals have poor performance
with small sample size and high specificity. JEL interval has very poor performance especially when p¼ 0.95.
Comparing with Table 5 where the sensitivity is at high level, we note that the overall performance of the methods
is worse than that of Table 4, especially when sample sizes are (20,20) and (50,50).

The simulation results under the mixed distribution settings are reported in Tables 6 and 7. Similar to the
exponential distribution settings, the performances of BHEL1 and BHEL2 intervals are much improved com-
pared with that of HEL intervals when sample size is (20, 20) and specificity p¼ 0.95. The performance of
influence function-related IFEL, BIFEL and BpIFEL intervals is even better than that of the HEL-related
intervals in Table 6 with medium level of sensitivity. BIFEL2 interval has the best coverage probability 94.3%
which is close to the nominal confidence level 95% when sample size is (20, 20) and specificity p ¼ 95%. However,
when sensitivity is at higher level (Table 7), the overall performance of the methods is poor when sample size is
small. The performance of NA method which also needs density estimation is acceptable in most of settings.
However, when sample size is small and specificity is high, the new methods perform always better. BTI and BTII
intervals have poor performance with small sample size and high specificity. JEL interval also has very poor
performance. The poor performance of JEL might be due to the problem of the bandwidth in the smoothed
jackknife method. The IF-related EL intervals have acceptable coverage probabilities with large sample size

Table 7. Continued.

p¼ 0.95, h ¼ 0:85 p¼ 0.90, h ¼ 0:89 p¼ 0.80, h ¼ 0:92

Coverage Average Coverage Average Coverage Average

(m,n) Methods probability length probability length probability length

IF 0.933 0.068 0.946 0.061 0.939 0.051

BIFEL1 0.941 0.066 0.939 0.059 0.933 0.050

BIFEL2 0.940 0.066 0.936 0.059 0.934 0.049

BpIF1 0.938 0.066 0.937 0.059 0.935 0.049

BpIF2 0.935 0.066 0.936 0.059 0.936 0.049

(50, 100) NA 0.871 0.150 0.904 0.136 0.890 0.113

BT1 0.898 0.166 0.906 0.151 0.896 0.127

BT2 0.902 0.166 0.910 0.151 0.902 0.127

JEL 0.847 0.209 0.911 0.144 0.892 0.131

HEL 0.951 0.171 0.929 0.147 0.891 0.108

BHEL1 0.951 0.175 0.954 0.158 0.960 0.140

BHEL2 0.955 0.167 0.949 0.149 0.961 0.127

BpHEL1 0.946 0.171 0.940 0.151 0.935 0.126

BpHEL2 0.945 0.169 0.932 0.149 0.933 0.125

IF 0.906 0.152 0.916 0.134 0.895 0.107

BIFEL1 0.868 0.141 0.894 0.131 0.912 0.108

BIFEL2 0.885 0.141 0.896 0.130 0.900 0.108

BpIF1 0.908 0.146 0.890 0.130 0.902 0.108

BpIF2 0.896 0.145 0.904 0.130 0.917 0.108

(100, 50) NA 0.914 0.197 0.922 0.179 0.903 0.148

BT1 0.894 0.202 0.918 0.182 0.922 0.154

BT2 0.902 0.202 0.908 0.182 0.930 0.154

JEL 0.876 0.200 0.895 0.207 0.832 0.189

HEL 0.909 0.200 0.911 0.171 0.885 0.129

BHEL1 0.954 0.212 0.955 0.197 0.938 0.176

BHEL2 0.950 0.199 0.951 0.182 0.962 0.156

BpHEL1 0.934 0.204 0.929 0.185 0.926 0.152

BpHEL2 0.931 0.202 0.926 0.183 0.921 0.150

IF 0.912 0.190 0.909 0.172 0.888 0.127

BIFEL1 0.888 0.192 0.887 0.171 0.902 0.130

BIFEL2 0.896 0.191 0.896 0.171 0.881 0.133

BpIF1 0.911 0.192 0.909 0.174 0.908 0.143

BpIF2 0.910 0.191 0.909 0.174 0.900 0.143
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(500, 500) although some of them have slightly under-coverage problems due to the possible bandwidth selection

problem for the kernel estimators of the density function g and f.
In summary, HEL interval and new Bayesian intervals, especially BHEL1 and BIFEL2 intervals, have coverage

probabilities closer to the nominal confidence level and shorter average interval lengths than other intervals.

6 A real example in the detection of Alzheimer’s disease

In this section, we illustrate the application of the proposed methods to assess the diagnostic accuracy of bio-

markers in the detection of Alzheimer’s disease (AD). Alzheimer’s disease is the most common cause of dementia.

There are an estimated 5.8 million Americans of all ages living with Alzheimer’s dementia in 2019 and the total

Medicaid spending of the United States for people with Alzheimer’s or other dementia is projected to be $49

billion in 2019.27 The data used in this section were obtained from the Alzheimer’s Disease Neuroimaging

Initiative (ADNI) database (adni.loni.usc.edu). The goal of the ADNI study is to track the progression of the

diseases, mild cognitive impairment (MCI) and AD, using biomarkers and clinical measures.
We apply the proposed methods to a small subset of a data-freeze named “QT-PAD Project Data” which has

been downloaded on 29 June 2017. It is available in the “Test Data/Data for Challenges” section of the LONI

website (ADNI database). Here we only consider non-missing records based on three commonly used bio-

markers
28–30

: ratio of levels of total protein Tau and protein Ab42 (TAU/ABETA), fluorodeoxyglucose (FDG),

and Alzheimer’s Disease Assessment Scale 11 (ADAS11). The dataset we used consists of 170 AD patients and

152 control subjects (CN). The distribution of tau-related biomarker was skewed to the right, and TAU/ABETA

was log-transformed before analysis, to reduce skewness. Figure 1 presents the estimated density curves of log

TAU/ABETA, FDG and ADAS11 for the two groups, respectively.
The point estimates and confidence intervals for sensitivity of these three biomarkers when specificity p ¼

0:95; 0:90; 0:80 are reported in Tables 8 to 10, respectively. TAU/ABETA has very low (0.01 to 0.25) sensitivity

when the specificity is above 0.80 and achieves 0.5 when specificity p¼ 0.7 (results are not reported here). It

suggests that TAU/ABETA is not a good biomarker for the diagnosis of AD. FDG has moderate (0.69) to high

(0.87) sensitivity when the specificity is fixed at p ¼ 0:95; 0:90; 0:80. The sensitivity for FDG drops by around 13
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Figure 1. Estimated densities for log TAU/ABETA, FDG and ADAS11 in the ADNI data.
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percentage points if specificity is increased from 0.8 to 0.9, and drops by around 7–10 percentage points when
specificity is further increased to 0.95. ADAS11 achieves very high (0.85 to 1) sensitivity when the specificity is
above 0.80, suggesting it has high diagnostic accuracy in the detection of the Alzheimer’s Disease. Comparing
these 95% level confidence/credible intervals for sensitivity, influence function-based approaches, especially
BIFEL1, always have shorter interval lengths.

Table 9. 95% level confidence intervals and point estimates for the sensitivity h of different biomarkers at specificity p¼ 0.9.

Confidence interval Point estimate ĥ

Biomarker TAU/ABETA FDG ADAS11 TAU/ABETA FDG ADAS11

HEL (0.010, 0.128) (0.666, 0.847) (0.913, 0.986) 0.059 0.765 0.959

BHEL1 (0.024, 0.207) (0.659, 0.840) (0.894, 0.980) 0.095 0.755 0.945

BHEL2 (0.012, 0.175) (0.666, 0.845) (0.908, 0.985) 0.071 0.762 0.955

BpHEL1 (0.005, 0.166) (0.594, 0.899) (0.864, 0.998) 0.059 0.766 0.959

BpHEL2 (0.006, 0.167) (0.597, 0.898) (0.859, 0.998) 0.058 0.764 0.959

IFEL (0.000, 0.128) (0.658, 0.844) (0.919, 0.995) 0.051 0.758 0.963

BIFEL1 (0.004, 0.130) 0.651, 0.839) (0.913, 0.989) 0.059 0.751 0.956

BIFEL2 (0.004, 0.127) (0.654, 0.842) (0.919, 0.993) 0.056 0.754 0.961

BpELIF1 (0.003, 0.131) (0.661, 0.844) (0.921, 0.995) 0.057 0.758 0.963

BpELIF2 (0.003, 0.127) 0.659, 0.846) (0.921, 0.995) 0.056 0.757 0.963

Table 8. 95% level confidence intervals and point estimates for the sensitivity h of different biomarkers at specificity p¼ 0.95.

Confidence interval Point estimate ĥ

Biomarker TAU/ABETA FDG ADAS11 TAU/ABETA FDG ADAS11

HEL (0.001, 0.024) (0.537, 0.825) (0.688, 0.964) 0.012 0.694 0.865

BHEL1 (0.005, 0.067) (0.529, 0.813) (0.654, 0.941) 0.027 0.679 0.821

BHEL2 (0.001, 0.049) (0.539, 0.821) (0.688, 0.958) 0.017 0.689 0.850

BpHEL1 (0.000, 0.073) (0.511, 0.848) (0.721, 0.962) 0.012 0.694 0.864

BpHEL2 (0.000, 0.071) (0.522, 0.841) (0.720, 0.960) 0.012 0.694 0.865

IFEL (0.000, 0.039) (0.617, 0.804) (0.813, 0.959) 0.017 0.719 0.896

BIFEL1 (0.004, 0.037) (0.610, 0.799) (0.804, 0.953) 0.021 0.711 0.886

BIFEL2 (0.001, 0.036) (0.613, 0.801) (0.809, 0.957) 0.017 0.714 0.891

BpELIF1 (0.001, 0.042) (0.625, 0.806) (0.818, 0.962) 0.017 0.719 0.896

BpELIF2 (0.001, 0.043) (0.617, 0.805) (0.818, 0.959) 0.017 0.718 0.896

Table 10. 95% level confidence intervals and point estimates for the sensitivity h of different biomarkers at specificity p¼ 0.8.

Confidence interval Point estimate ĥ

Biomarker TAU/ABETA FDG ADAS11 TAU/ABETA FDG ADAS11

HEL (0.082, 0.401) (0.808, 0.929) (0.988, 1.000) 0.212 0.876 0.994

BHEL1 (0.100, 0.427) (0.802, 0.921) (0.925, 0.997) 0.246 0.867 0.973

BHEL2 (0.086, 0.402) (0.810, 0.925) (0.952, 1.000) 0.223 0.873 0.988

BpHEL1 (0.085, 0.377) (0.739, 0.969) (0.953, 1.000) 0.213 0.877 0.994

BpHEL2 (0.088, 0.374) (0.739, 0.966) (0.954, 1.000) 0.211 0.877 0.994

IFEL (0.044, 0.356) (0.800, 0.937) (0.987, 1.000) 0.209 0.874 1.000

BIFEL1 (0.051, 0.355) (0.795, 0.933) (0.987, 0.999) 0.206 0.868 0.994

BIFEL2 (0.047, 0.353) (0.799, 0.937) (0.987, 1.000) 0.202 0.872 0.995

BpELIF1 (0.050, 0.363) (0.802, 0.938) (0.981, 1.000) 0.210 0.874 1.000

BpELIF2 (0.049, 0.359) (0.798, 0.937) (0.980, 1.000) 0.211 0.872 1.000
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7 Conclusion

In this article, we reviewed existing methods for inference on sensitivity, and proposed an influence function-based
EL method and several Bayesian EL methods. Our simulation studies show that the existing HEL interval
performs well and the proposed intervals have similar or better coverage accuracy than the existing intervals.

The BHEL and BpHEL intervals have good small sample performance and do not require density estimation.
However, they involve bootstrap process, which is computationally expensive and might be undesirable. We note
that influence function-based intervals perform slightly worse than the hybrid EL intervals probably because of
the poor density estimation. When computational cost is a concern, then IFEL, BIFEL and BpIFEL methods are
good alternative methods.

In practice, clinicians sometimes need to compare two tests in terms of their sensitivities at the same specificity,
denoted as h1 and h2. The inference procedure is simpler with the proposed Bayesian approach. We can generate
posterior samples of h1 and h2 separately to obtain posterior samples of ðh1 � h2Þ. Based on these posterior

samples, Bayesian credible intervals can be constructed. In addition, the influence function techniques can
extend immediately to the difference between the sensitivities of two tests at a fixed specificity since the influence
function of the difference is the difference between respective influence functions. Our methods also can be used to
compare sensitivities of a single test, at different levels of specificity (e.g. hðp1Þ and hðp2Þ), but the correlation
between these sensitivities need to be handled carefully. The EL methods considered in this article could be
extended for the difference between the corresponding sensitivities hðp1Þ � hðp2Þ by constructing suitable estimat-

ing functions. Alternatively, we can consider two-dimensional estimating functions to apply EL method on
ðhðp1Þ; hðp2ÞÞ and then construct a confidence region. Furthermore, credible intervals for hðp1Þ � hðp2Þ can be
constructed based on posterior samples of ðhðp1Þ; hðp2ÞÞ.

ROC curve is commonly used to represent the diagnostic accuracy of a test. It plots sensitivity versus ð1�
specificityÞ as the cut-off point varies. The newly proposed methods can be applied to estimate the sensitivity at
different levels of specificity and to construct point-wise confidence bands for the ROC curve. Note that this
approach ignores the correlation between sensitivities at different levels of specificity and cannot be applied to
ROC-related statistics such as AUC, partial AUC, and Youden index. To that aspect, we can apply EL by

considering a multi-dimensional estimating function Wk ¼ ðW1
k; . . . ;W

g
kÞ for the vector of sensitivities h ¼

ðhðp1Þ; . . . ; hðpgÞÞ on a grid of specificities. Following the same idea of Bayesian pseudo EL methods, we can
generate posterior samples of the probability vector and obtain posterior samples of h by solving estimating
equations. Then, AUC, partial AUC, and Youden index can be calculated numerically based on these posterior
samples. Finally, this study focuses on sensitivity at a fixed specificity. In many clinical settings, specificity at a

fixed sensitivity is of interest and this follows analogously from the presented work.
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Appendix 1. Proof of propositions and theorem

Proof of Proposition 1: From equation (6), we only need to prove that

1

r
ffiffiffiffiffiffiffiffiffiffiffiffi
mþ n

p
Xmþn

k¼1

Wkðh; pÞ!d Nð0; 1Þ (13)

From equation (7), we have that

1ffiffiffiffiffiffiffiffiffiffiffiffi
mþ n

p
Xmþn

k¼1

Wkðh; pÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
mþ n

p 1

n

Xn
j¼1

½IðYj > gÞ � h� þ gðgÞ
fðgÞ

1

m

Xm
i¼1

½IðXi � gÞ � p�
( )

Since IðYj > gÞ’s �iid Binomialð1; hÞ, and IðXi � gÞ’s �iid Binomialð1; pÞ, by Central Limit Theorem, we have that

1ffiffiffi
n

p
Xn
j¼1

½IðYj > gÞ � h�!d Nð0; hð1� hÞÞ; 1ffiffiffiffi
m

p
Xm
i¼1

½IðXi � gÞ � p�!d Nð0; pð1� pÞÞ

Hence, equation (13) and Proposition 1 follows immediately from equation (6) and the independence of Yj’s
and Xi’s.
We need the following lemma for the proof of Theorem 1.

Lemma: Under the conditions in Theorem 1, we have that

(i) 1
r
ffiffiffiffiffiffiffi
mþn

p
Xmþn

k¼1
Ŵkðh; pÞ!d Nð0; 1Þ:

(ii) 1
mþn

Xmþn

k¼1
Ŵ

2

kðh; pÞ!p r2

Proof:

(i) From equation (13), we only need to prove that

1ffiffiffiffiffiffiffiffiffiffiffiffi
mþ n

p
Xmþn

k¼1

Ŵkðh; pÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
mþ n

p
Xmþn

k¼1

Wkðh; pÞ þ opð1Þ

We have the following decomposition

1ffiffiffiffiffiffiffiffiffiffiffiffi
mþ n

p
Xmþn

k¼1

Ŵkðh; pÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
mþ n

p
Xmþn

k¼1

Wkðh; pÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffi
mþ n

p 1

n

Xn
j¼1

½IðYj > ĝÞ � IðYj > gÞ�
( )

þ ffiffiffiffiffiffiffiffiffiffiffiffi
mþ n

p ĝðĝÞ
f̂ðĝÞ

1

m

Xm
i¼1

½IðXi � ĝÞ � p� � gðgÞ
fðgÞ

1

m

Xm
i¼1

½IðXi � gÞ � p�
( )

Using the Bahadur representation of the sample quantile ĝ

ĝ � g ¼
p� 1

m

Xm

i¼1
IðXi � gÞ

fðgÞ þ opðm�1
2Þ

we get that

1

n

Xn
j¼1

½IðYj > ĝÞ � IðYj > gÞ� ¼
Z

½Iðy � gÞ � Iðy � ĝÞ�dĜðyÞ ¼
Z

½Iðy � gÞ � Iðy � ĝÞ�dGðyÞ þ opðn�1=2Þ

¼ gðgÞðg� ĝÞ þ opðm�1=2 þ n�1=2Þ ¼ gðgÞ
fðgÞ

1

m

Xm
i¼1

½IðXi � gÞ � p� þ opððmþ nÞ�1=2Þ
(14)
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and

1

m

Xm
i¼1

½IðXi � ĝÞ � p� ¼ 1

m

Xn
j¼1

½IðXi � ĝÞ � IðXi � gÞ� þ 1

m

Xn
j¼1

½IðXi � gÞ � p�

¼
Z

½Iðx � ĝÞ � Iðx � gÞ�dF̂ðxÞ þ 1

m

Xn
j¼1

½IðXi � gÞ � p�

¼
Z

½Iðx � ĝÞ � Iðx � gÞ�dFðxÞ þ opðm�1=2Þ þ 1

m

Xn
j¼1

½IðXi � gÞ � p�

¼ fðgÞðĝ � gÞ þ 1

m

Xn
j¼1

½IðXi � gÞ � p� þ opðm�1=2Þ ¼ opðm�1=2Þ

(15)

Therefore

1ffiffiffiffiffiffiffiffiffiffiffiffi
mþ n

p
Xmþn

k¼1

Ŵkðh; pÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
mþ n

p
Xmþn

k¼1

Wkðh; pÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffi
mþ n

p gðgÞ
fðgÞ

1

m

Xm
i¼1

½IðXi � gÞ � p�
( )

þ ffiffiffiffiffiffiffiffiffiffiffiffi
mþ n

p ĝðĝÞ
f̂ðĝÞ

1

m

Xm
i¼1

½IðXi � ĝÞ � p� � gðgÞ
fðgÞ

1

m

Xm
i¼1

½IðXi � gÞ � p�
( )

þ opð1Þ

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
mþ n

p
Xmþn

k¼1

Wkðh; pÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffi
mþ n

p ĝðĝÞ
f̂ðĝÞ

1

m

Xm
i¼1

½IðXi � ĝÞ � p� þ opð1Þ

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
mþ n

p
Xmþn

k¼1

Wkðh; pÞ þ opð1Þ

The last equality holds by the uniform consistency of the density estimates ĝ and f̂,24 and gðgÞ
fðgÞ ¼ Oð1Þ. Lemma (i) is

thus proved.
(ii) Since

1

mþ n

Xmþn

k¼1

W2
kðh; pÞ ¼

mþ n

n2

Xn
j¼1

½ðIðYj � gÞ � hÞ�2 þmþ n

m2

g2ðgÞ
f2ðgÞ

Xm
i¼1

½IðXi � gÞ � p�2

¼ ð1þ qÞE½IðYj � gÞ � h�2 þ ð1þ q�1Þ g
2ðgÞ
f2ðgÞ E½IðXi � gÞ � p�2 þ opð1Þ

¼ ð1þ qÞhð1� hÞ þ ð1þ q�1Þpð1� pÞ 	 g2ðgÞ
f2ðgÞ þ opð1Þ ¼ r2 þ opð1Þ

We only need to prove that

1

mþ n

Xmþn

k¼1

Ŵ
2

kðh; pÞ ¼
1

mþ n

Xmþn

k¼1

W2
kðh; pÞ þ opð1Þ

Under the assumptions in Theorem 1, using the uniform consistency of the density estimate f̂24 and the strong
consistency of the sample quantile ĝ, we get that

jf̂ðĝÞ � fðgÞj � jf̂ðĝÞ � fðĝÞj þ jfðĝÞ � fðgÞj
� sup

x
jf̂ðxÞ � fðxÞj þ opð1Þ ¼ opð1Þ

So, f̂ðĝÞ ¼ fðgÞ þ opð1Þ. Similarly, we have ĝðĝÞ ¼ gðgÞ þ opð1Þ. By Slutsky’s Theorem, we have that ĝ2ðĝÞ
f̂
2ðĝÞ

¼
g2ðgÞ
f2ðgÞ þ opð1Þ.
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From equation (14), it follows that

Xn
j¼1

½IðYj � gÞ � IðYj � ĝÞ� ¼ � gðgÞ
fðgÞ

1

m

Xm
i¼1

IðXi � gÞ � p

" #
þ opððmþ nÞ�1=2Þ

¼ Opðm�1=2Þ þ opððmþ nÞ�1=2Þ ¼ Opððmþ nÞ�1=2Þ
Similarly, we have

1

m

Xm
i¼1

½IðXi � gÞ � IðXi � ĝÞ� ¼ Opððmþ nÞ�1=2Þ

Therefore



 1

mþ n

Xmþn

k¼1

W2
kðh; pÞ �

1

mþ n

Xmþn

k¼1

Ŵ
2

kðh; pÞ




 ¼ ðmþ nÞ






 1� 2h
n2

Xn
j¼1

½IðYj � gÞ � IðYj � ĝÞ� þ p2

m

g2ðgÞ
f2ðgÞ �

ĝ2ðĝÞ
f̂
2ðĝÞ

" #

þ 1� 2p

m2

Xm
i¼1

g2ðgÞ
f2ðgÞ �

ĝ2ðĝÞ
f̂
2ðĝÞ

 !
IðXi � gÞ þ ĝ2ðĝÞ

f̂
2ðĝÞ

ðIðXi � gÞ � IðXi � ĝÞÞ
" #




 � opð1Þ

and Lemma (ii) is proved.

Proof of Theorem 1: By the definition of Ŵkðh; pÞ, we have

max
k

jŴkðh; pÞj � 2max
mþ n

m

ĝðĝÞ
f̂ðĝÞ ;

mþ n

n

( )
¼ Opð1Þ

Moreover, from Lemma (ii), it follows that

1

mþ n

Xmþn

k¼1

jŴkðh; pÞj3 � max
k

jŴkðh; pÞj 1

mþ n

Xmþn

k¼1

jŴkðh; pÞj2 ¼ Opð1Þ (16)

Using arguments similar to Owen,25 we can prove that

jkj ¼ Opððmþ nÞ�1=2Þ (17)

Hence, we have

max
k

jkŴkðh; pÞj ¼ Opððmþ nÞ�1=2Þ (18)

Recall equation (10)

0 ¼ 1

mþ n

Xmþn

k¼1

Ŵkðh; pÞ
1þ kŴkðh; pÞ

¼ 1

mþ n

Xmþn

k¼1

Ŵkðh; pÞ 1� kŴkðh; pÞ þ ðkŴkðh; pÞÞ2
1þ kŴkðh; pÞ

" #

¼ 1

mþ n

Xmþn

k¼1

Ŵkðh; pÞ � 1

mþ n
k
Xmþn

k¼1

Ŵ
2

kðh; pÞ þ
1

mþ n

Xmþn

k¼1

Ŵkðh; pÞðkŴkðh; pÞÞ2
1þ kŴkðh; pÞ

(19)

From Lemma (ii), equations (16), (17) and (18), the final term in equation (19) is bounded by

jkj2 1

mþ n

Xmþn

k¼1

jŴkðh; pÞj3maxjð1þ kŴkðh; pÞÞ�1j ¼ Opððmþ nÞ�1ÞOpð1ÞOpð1Þ ¼ Opððmþ nÞ�1Þ
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which implies that

k ¼
Xmþn

k¼1
Ŵkðh; pÞXmþn

k¼1
Ŵ

2

kðh; pÞ
þOpððmþ nÞ�1Þ (20)

Further, multiplying both side of equation (10) by k, we get that

0 ¼ 1

mþ n

Xmþn

k¼1

kŴkðh; pÞ
1þ kŴkðh; pÞ

¼ 1

mþ n

Xmþn

k¼1

kŴkðh; pÞ � 1

mþ n

Xmþn

k¼1

k2Ŵ
2

kðh; pÞ þ
1

mþ n

Xmþn

k¼1

ðkŴkðh; pÞÞ3
1þ kŴkðh; pÞ

(21)

Similarly, the final term in equation (21) is bounded by

jkj3 1

mþ n

Xmþn

k¼1

jŴkðh; pÞj3maxjð1þ kŴkðh; pÞÞ�1j ¼ Opððmþ nÞ�3=2ÞOpð1ÞOpð1Þ ¼ Opððmþ nÞ�3=2Þ

Hence, we have

Xmþn

k¼1

kŴkðh; pÞ ¼
Xmþn

k¼1

k2Ŵ
2

kðh; pÞ þOpððmþ nÞ�1=2Þ (22)

By Taylor’s expansion of equation (11) and using equations (20), (22), and Lemma, we have that

�2lIFðh; pÞ ¼ 2
Xmþn

k¼1

log 1þ kŴkðh; pÞ
� �

¼ 2k
Xmþn

k¼1

Ŵkðh; pÞ � k2
Xmþn

k¼1

Ŵ
2

kðh; pÞ þ rn

¼
1

ðmþnÞ1=2
Xmþn

k¼1
Ŵkðh; pÞ

h i2
1

mþ n

Xmþn

k¼1
Ŵ

2

kðh; pÞ
þ
Xmþn

k¼1

Ŵkðh; pÞOp 	 ððmþ nÞ�1Þ þOpððmþ nÞ�1=2Þ þ rn

where

jrnj � C
Xmþn

k¼1

jkŴkðh; pÞj3 � Cjkj3
Xmþn

k¼1

jŴkðh; pÞj3 ¼ Opððmþ nÞ�3=2Þðmþ nÞOpð1Þ ¼ Opððmþ nÞ�1=2Þ

From Lemma, it follows that

Xmþn

k¼1

Ŵkðh; pÞOpððmþ nÞ�1Þ ¼ Opððmþ nÞ1=2ÞOpððmþ nÞ�1Þ ¼ Opððmþ nÞ�1=2Þ

and

�2lIFðh; pÞ ¼
1

ðmþnÞ1=2
Xmþn

k¼1
Ŵkðh; pÞ

h i2
1

mþn

Xmþn

k¼1
Ŵ

2

kðh; pÞ
þ opð1Þ!d v21

Proof of Proposition 2: We first briefly introduce Clarke and Yuan’s approach.15 Define the outer product matrix
X ¼ E½gðZj; hÞg0ðZj; hÞ�, Jacobian matrix DðhÞ ¼ E½@gðZj; hÞ=@h� and the matrix KðhÞ ¼ D0ðhÞX�1ðhÞDðhÞ; where
gðZj; hÞ is an estimating function.
For our Bayesian hybrid EL approach, gðZj; hÞ ¼ WHjðh; pÞ ¼ IðFðYjÞ � pÞ � h, and

XðhÞ ¼ E½gðZj; hÞ�2 ¼ E½IðFðYjÞ � pÞ � h�2 ¼ hð1� hÞ
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Thus, we have

KðhÞ ¼ D0ðhÞX�1ðhÞDðhÞ ¼ 1

hð1� hÞ

So the reference prior for the hybrid EL under the relative entropy is

pH;1ðhÞ / jK�1ðhÞj1=2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hð1� hÞ

p
i.e.

pH;1ðhÞ ¼ b
3

2
;
3

2

� �

and the reference prior for the hybrid EL under Hellinger distance is

pH;2ðhÞ / jKðhÞj1=2 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hð1� hÞp

i.e.

pH;2ðhÞ ¼ bð1
2
;
1

2
Þ

Appendix 2. Sample R code for real examples

library(rootSolve)
#x: non_diseased results
#y: diseased results
m¼ length(x)
n¼ length(y)
#####Bisection method Function
Bisection_Method<-function(Rp,crit_value,method){
LOGFunction<-function(xxx){
if(method¼¼‘HEL’){zz<-z-xxx}
if(method¼¼‘IF’)
{zz<-c(((mþ n)/n)*(z2-xxx),((mþn)/m)*(fyhat_phi/fxhat_phi)*(z3-p))}
ff1<-function(t){X1<-zz
X2<-1þzz*t
F1<-mean(X1/X2)
c(F1¼F1)
}
ss<-multiroot(f¼ ff1,start¼ 0,maxiter¼ 100)
temp<-1þss$root*zz
loglik<-2*sum(log(temp[temp> 0]))
return(loglik-crit_value)}
delta_l¼ 0
delta_r¼Rp
error¼ 10
while (error> 10^(-10))
{if (sign(LOGFunction((delta_lþdelta_r)/2))<0)
{delta_r¼ (delta_lþ delta_r)/2}
else
{delta_l¼ (delta_lþdelta_r)/2}
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error¼ abs(delta_r-delta_l)}
Cl<-delta_r
delta_l¼Rp
delta_r¼ 1
error¼ 10
while (error> 10^(-10))
{if (sign(LOGFunction((delta_lþdelta_r)/2))>0)
{delta_r¼(delta_lþdelta_r)/2}
else
{delta_l¼(delta_lþdelta_r)/2
}
error¼abs(delta_r-delta_l)
}
Cu<-delta_r
return(c(Cl,Cu))}
####Bayesian HEL Function
Bayesian_HEL_Fun<-function(power,Pi){
Rp1¼ seq(0,1,by¼ 0.0002)
lik<-c(rep(NA,5001))
lambda1<-c(rep(NA,5001))
for(i in 1:5001){
fun¼z-Rp1[i]
if(Pi¼¼1){prior¼dbeta(Rp1[i],1.5,1.5)}
if(Pi¼¼2){prior¼dbeta(Rp1[i],0.5,0.5)}
ff1<-function(x){
X1<-fun
X2<-1þX1*x
F1<-mean(X1/X2)
c(F1¼F1)}
ss<-multiroot(f¼ff1,start¼ 0,maxiter¼ 100)
lambda1[i]<-ss$root
temp<-1þlambda1[i]*(fun)
if(any(temp< 0)){
lower<-(1/n-1)/(1-Rp1[i])
upper<-(1/n-1)/(-Rp1[i])
fff1<-function(x){X1<-fun
X2<-1þX1*x
F1<-mean(X1/X2)
return(log(abs(F1)))
}
ss<-optimize(f¼fff1,interval¼c(lower,upper))
lambda1[i]<-ss$minimum
temp<-1þlambda1[i]*(fun)
}
lik[i]<-prod(1/temp)^(power)*prior}
lik[5001]<-lik[5000]
lik[1]<-lik[2]
SA<-c(rep(NA,5000))
for(i in 1:5000){
SA[i]<-(Rp1[iþ 1]-Rp1[i])*1/2*(lik[iþ 1]þlik[i])}
Area<-sum(SA)
f11<-function(q){SS<-sum(SA[1:q])
return((SS/Area)-(alpha/2))}
f12<-function(q){S<-c(rep(NA,5001-q))
for(i in 5000:q){S[i-qþ 1]<-(Rp1[iþ 1]-Rp1[i])*1/2*(lik[iþ 1]þlik[i])}
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SS<-sum(S)
return((SS/Area)-(alpha/2))}
C1<-uniroot(f11,c(1,5000))
c11<-C1$root
C2<-uniroot(f12,c(1,5000))
c12<-C2$root
Cu<-Rp1[c12]
Cl<-Rp1[c11]
mean_Rp¼sum(Rp1*lik/(sum(lik)))
return(c(Cl,Cu,mean_Rp))}
####Bayesian IFEL Function
Bayesian_IF_Fun<-function(power,Pi){
Rp1¼ seq(0,1,by¼ 0.0002)
lik<-c(rep(NA,5001))
lambda1<-c(rep(NA,5001))
for(i in 1:5001){
fun¼c(((mþ n)/n)*(z2-Rp1[i]),((mþ n)/m)*(fyhat_phi/fxhat_phi)*(z3-p))
if(Pi¼¼1){prior¼pi_star1[i]}
if(Pi¼¼2){prior¼pi_star2[i]}
ff1<-function(x){
X1<-fun
X2<-1þX1*x
F1<-mean(X1/X2)
c(F1¼F1)}
ss<-multiroot(f¼ff1,start¼ 0,maxiter¼ 100)
lambda1[i]<-ss$root
temp<-1þlambda1[i]*(fun)
lik[i]<-prod(1/temp)^(power)*prior}
lik[5001]<-lik[5000]
lik[1]<-lik[2]
SA<-c(rep(NA,5000))
for(i in 1:5000){
SA[i]<-(Rp1[iþ 1]-Rp1[i])*1/2*(lik[iþ 1]þlik[i])}
Area<-sum(SA)
f11<-function(q){SS<-sum(SA[1:q])
return((SS/Area)-(alpha/2))}
f12<-function(q){S<-c(rep(NA,5001-q))
for(i in 5000:q){S[i-qþ 1]<-(Rp1[iþ 1]-Rp1[i])*1/2*(lik[iþ 1]þlik[i])}
SS<-sum(S)
return((SS/Area)-(alpha/2))}
C1<-uniroot(f11,c(1,5000))
c11<-C1$root
C2<-uniroot(f12,c(1,5000))
c12<-C2$root
Cu<-Rp1[c12]
Cl<-Rp1[c11]
mean_Rp¼sum(Rp1*lik/(sum(lik)))
return(c(Cl,Cu,mean_Rp))}
####Bayesian Pseudo Function
Bayesian_Pseudo<-function(size,prior,method){
M <-5000 #
Rpd<-numeric(M)
for (b in 1:M) {xd<-rgamma(size,prior,1)
pd<-xd/sum(xd)
if(method¼¼‘HEL’){Rpd[b]<-sum(pd*z)}
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if(method¼¼‘IF’){
ff1<-function(xxx){
zz<-c(((mþn)/n)*(z2-xxx),((mþ n)/m)*(fyhat_phi/fxhat_phi)*(z3-p))
F1<-sum(zz*pd)
c(F1¼F1)}
ss<-multiroot(f¼ff1,start¼ 0,maxiter¼ 100)
Rpd[b]<-ss$root}}
Rpd1<-sort(Rpd)
Cl<-Rpd1[M*alpha/2]
Cu<-Rpd1[M*(1-alpha/2)]
mean_Rp¼mean(Rpd1)
return(c(Cl,Cu,mean_Rp))}
####HEL method:#####
p< -0.8
alpha<-0.05
G<-ecdf(y) #G(y):diseased empirical cdf
F<-ecdf(x) #F(x):non-diseased empirical cdf
U<-1-F(y) #The proption of non-diseased popuation with test result larger
than Y
Ind<-function(x,y){ifelse(x<¼y,1,0)}
z<-Ind(U,1-p)
Rp<-mean(z)##estimator of Theta
#####HEL method: estimate c_star###
B <-5000 #larger for estimating bias
Rphat_b<-numeric(B)
for (b in 1:B) {
ib<-sample(1:m, size¼m, replace¼TRUE)
xb<-x[ib]
jb<-sample(1:n, size¼n, replace¼TRUE)
yb<-y[jb]
Fbinvhat<-quantile(xb,probs¼p)
Ind_b<-function(x,y){ifelse(x>¼y,1,0)}
Rphat<-sum(Ind_b(yb,Fbinvhat))/n
Rphat_b[b]<-Rphat
}
Rpbar<-mean(Rphat_b)
sigma1<-n*var(Rphat_b)
cpstar<-Rpbar*(1-Rpbar)/sigma1
chi<-qchisq(1-alpha,1)
crit<-chi/cpstar
HEL¼Bisection_Method(Rp,crit,’HEL’)
BHEL1¼Bayesian_HEL_Fun(cpstar,1)
BHEL2¼Bayesian_HEL_Fun(cpstar,2)
BpHEL1¼Bayesian_Pseudo(n,cpstar,’HEL’)
BpHEL2¼Bayesian_Pseudo(n,cpstarþ 1/n,’HEL’)
####IF method:####
p<-0.8
alpha<-0.05
chi<-qchisq(1-alpha,1)
G<-ecdf(y) #G(y):diseased empirical cdf
F<-ecdf(x) #F(x):non-diseased empirical cdf
Ind<-function(x,y){ifelse(x<¼y,1,0)}
F.inv<-function(p)quantile(x,p)
phixphat<-F.inv(p)
Ind2<-function(x,y){ifelse(x>¼y,1,0)}
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z2<-Ind2(y,phixphat)
z3<-Ind(x,phixphat)
###IF based methods:density estimation
fxhat<-density(x)
index1<-which.min(abs(fxhat$x-phixphat))
fxhat_phi<-fxhat$y[index1]
fyhat<-density(y)
index2<-which.min(abs(fyhat$x-phixphat))
fyhat_phi<-fyhat$y[index2]
Rp_hat<-mean(z2)þ(1/m)*sum((fyhat_phi/fxhat_phi)*(z3-p))##estimator of Theta
####IF###
IF¼Bisection_Method(Rp_hat,chi,’IF’)
#BIFEL1 and BIFEL2##
C<-(fyhat_phi^2)/(fxhat_phi^2)
omiga<-Rp1*(1-Rp1)/nþC*p*(1-p)/m
pi_star1<-omiga^(0.5)
pi_star2<-omiga^(-0.5)
BIFEL1¼Bayesian_IF_Fun(1,1)
BIFEL2¼Bayesian_IF_Fun(1,2)
BpIFEL1¼Bayesian_Pseudo(nþm,1,’IF’)
BpIFEL2¼Bayesian_Pseudo(nþm,1þ 1/(nþm),’IF’)
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